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Analysis and improvement of direct sampling
method in the mono-static con guration

Sangwoo Kang, Marc Lambert and Won-Kwang Park

Abstract—The recently introduced non-iterative imaging
method entitled “direct sampling method” (DSM) is known to
be fast, robust, and effective for inverse scattering prol#ms
in the multi-static con guration but fails when applied to t he
mono-static one. To the best of our knowledge no explanation
of this failure has been provided yet. Thanks to the framewok
of the asymptotic and the far- eld hypothesis in the 2D scala
con guration an analytical expression of the DSM indicator
function in terms of the Bessel function of order zero and sies,
shapes and permittivities of the inhomogeneities is obtaegd and
the theoretical reason of the limitation identied. A modi ed
version of DSM is then proposed in order to improve the imagity
method. The theoretical results are supported by numerical
results using synthetic data.

Index Terms—Non-iterative imaging method, direct sampling
method, mono-static con guration, Bessel function, numeical
results

|I. INTRODUCTION

T

biomedical imaging [1]-[3], non-destructive evaluatiof]-{
[6], synthetic aperture radar (SAR) imaging [7]-[10], gnou

HE 2D inverse scattering problem is an important topi
due to potential applications in modern human life, e.g, 4 pattern are presented. The traditional DSM with fatde

integral equations, etc.). We refer to [17], [20] for dedail
Though, a new intuitive indicator function of DSM in the
mono-static con guration has already been proposed in,[21]
no theoretical explanation has been given yet to explain the
failure of the classical DSM approach in such a con gu-
ration. Recently, in [22], the authors have investigated th
mathematical structure of the DSM indicator function in the
multi-static con guration using near- eld data, proposed
improved version and conrmed its link with the classical
Kirchhoff migration technique. Following a similar pathtbu
under the far- eld hypothesis the mathematical structurehe
indicator function of DSM based on the asymptotic formula
of the scattered elds is proposed here and the limitation of
traditional DSM in the mono-static con guration is idengd.
According to our analysis, a new indicator function of the
direct sampling method is introduced and analyzed in omler t
improve the imaging performance of DSM in this mono-static
con guration.

€ In Section I, the 2D direct scattering problem and its far-

pattern is reminded in Section Ill. Section IV is dedicated
to the mono-static con guration, the mathematical struetu

penetrating radar (GPR) [11]-[13]. However, because of i&sf DSM being outlined and the modied DSM (MDSM)

inherent non-linearity and ill-posedness, it is dif cudt solve.
Among the various imaging methods, non-iterative-type

roposed. Numerical simulations illustrating our theioadtre-

ai’ults are presented in Section V. Conclusions and persgpscti

gorithms are of interest due to expected numerical simpli&;”OW in Section VI

ity and low computational cost, for example, MUItiple Slg-
nal Classi cation (MUSIC), linear sampling method (LSM),
topological derivative, Kirchhoff migration, direct safimy

II. TWO-DIMENSIONAL DIRECT SCATTERING PROBLEM
AND FAR-FIELD PATTERN

method (DSM), etc. Related works can be found in [14]- |4 this section, the two-dimensional direct scatteringbpro

[19] and references therein. Even though these methods ¢4 s sketched in the presence of a set of small dielectric
provide good results with multi-static data, they may faithw inhomogeneities (Fig. 1a). We denotg a small dielectric
mono-static ones the due to lack of information arising Ahomogeneity de ned asm = rm + mDm, Wherern is

great assumption from inherent limitation. However, sitte® 14 |ocation of m, Dm is a simply connected domain with

mono-static con guration is encountered in various agplic gy,00th boundary andy, characterizes its size (Fig. 1b). We
tions such as GPR, SAR, deep understanding and developmgiioie n.m=1:2.  :M a collection of ,, and
. . . m ) L bl 1

of effective algorithms is needed. _ the region of interest (ROI) such that, for all m.

In the present work, we focus only onto DSM in thgye assume that, are well-separated small balls with radius
mono-static con guration because of its wide applicapijlit m, .., there existsly 2 R such that0 < dg < jrm  Fmoj
and various advantages like (i) it only needs a few (e.gq, ’aII m Em°m=1:2 M.
one or two) incident elds, and (i) it does not need any pere we assume that all materials are non-magnetic
additional operation (singular value decomposition, deg (x) 0 1:256 10 8H=m) and characterized by
an orthogonal projection operator and solving ill-pos@&dir heir dielectric permittivity at angular frequendy = 2 f |

S. Kang and M. Lambert are with GeeP$roup of electrical engineer- f belng the frequency' Let us dendtg and”o the value of

ing - Paris, CNRS, CentraleSuplec, Univ. Paris-Sud, UsiveParis-Saclay, €lectrical permittivity of ,, and R?, respectively. In so doing
Sorbonne Universit, 3 & 11 rue Joliot-Curie, Plateau de Mau1192 Gif- the following piecewise constant function can be introdlice
sur-Yvette CEDEX, France.

W.-K. Park is with Department of Information Security, Ctgipgy, and
Mathematics, Kookmin University, Seoul, 02707, Korea.
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where
a, . X o
T, ha(Rn); b(Rn)iLz (g = a(Rn)b(Rn)
s n=1
/
J/ o . Ka(Rn)k{ 2(g) == PB(Rn);a(Rn)iL2 (s
/ 1
( Q -‘-‘H-_» 5 Based on [22, Theorem 4.1psy (z;@) can be represented
L |lo . " by ]
\ 1 Z; i
N R | psm (z;8) = L)Ja
T maxj 1(z;d)j
(a) Scattering problem (b) Inhomogeneity m where
Fig. 1. Con guration of the scattering problem f =3 (left) and sketch hd )
of the inhomogeneity m (right). 1(2;6) = ﬁq("m "O)e'koa ' Jo(kojz rmj): (3)
m=1
Let kg = ! P- 0 0 =2 = be the wavenumber with positiveHere,Jo denotes the Bessel function of order zero of the rst
wavelength , satisfying n  "m="0o =2 for all m = kind. Thanks to (3) we can observe tHajsy (z) exhibits a
1,2, ;M (refer to [23]). maximum whenz = rp, and0< Ipsw(z) < 1atz2 so
In this contribution, we consider the plane-wave illuminahat the locatiorr, of  can be identi ed.
tion: let u'(x) = e X x 2 R2 pe an incident eld with  In the multiple impinging case 8;1=1:2; L , L

direction of propagatiol 2 S, whereS! denotes the two- heing the number of incident directions, the indicator tiore
dimensional unit circle. Leti(x; a) be the time-harmonic total of DSM is de ned by

eld that satis es the Helmholtz equation 4 4
I 1 ko) = fl ;da;ko); | ;dako);
u:8) + 12 " ()u(x:8) =0 psm (Z; ko) := max fl psm (z;d1;ko); I psm (2;d2; Ko)

. . . . . I osm (z; 81 ko)g (4)
with transmission conditions at boundari@, . It is well-
known that the total eld can be written as the sum of thélote that (2) and (4) are equivalent whers 1.
incident eld u'(x;a) and the scattered eldls(x;a), where
us(x; d) satis es the Sommerfeld radiation condition IV. ANALYSIS AND IMPROVEMENT OF DIRECT SAMPLING
P a(x:4) . METHOD IN MONO-STATIC CONFIGURATION
lim * jxj M ikous(x;d) =0 _ _ o
ixji @Xj Let us now deal with the monostatic con guration in

. . L . which an antenna acts as receiver and transmitter, implying
uniformly into all directionst = x5jxj. We denoteu; (%;4d) 8, = 2., and is moved from place to place giving a

the far- eld pattern ofus(x; @) de ned onS* that satis es set of measured far-eld pattern data dened by =

s glkod x 1 fup (Rn;dn):n=1;2, ;Ng
us(x;d) = P (#;8)+ 0 ixj As exampli ed in [21], the direct sampling method in such
_ _ _ J_ J o . a con guration failed to provide a proper localisation ofth
uniformly into all direction®t = x=jxj andjxj!1 . Based (efects (see also Fig.2) when using the indicator function

on [24], the asymptotic expansion formula of (%;8) can | mono (7) directly deduced from (2) and de ned as
be written as .

jhur (Rn;0n);e R Zi o g

k2 1+i hd n " ] ] | mono (Z) = (5)
up (%;0) = AZIS?) o #0:00 |Dm] pSM kup (Rn;8n)ke2es
m=1

ko (A In [21], a modi ed indicator involving a heuristic factor is
gho@ R rm 4 O( 2y (1) . ,

m proposed to solve the problem, yet no theoretical explanati
which plays a key role of the theoretical analysis of indicat is provided. In the following the theoretical reason of this
function of DSM in mono-static con guration introduced inmiss-localization is exhibited and a modi ed version of the

Section IV DSM is introduced. Let us analyze the indicator function
| 38 (2) to explain the inaccurate localization in the mono-
[1l.  NTRODUCTION OF DIRECT SAMPLING METHOD static con guration.

According to [17], the indicator function of the ClaSSicall'heorem 1. Assume that the total numbbir of incident and

DSM with a set of measured far-eld pattern daka = . . ono
fup (8,:8):n=1:2. :Ngfora xed incident direction observation d|rect|9ns is suf ciently large. Thdrggyy (z) can
be represented as:

4 is de ned by
R B i o
kuz (Rn;8)kez(s:) L N

I psm (z; @) :=
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where V. NUMERICAL EXPERIMENTS
pd Numerical experiments are provided to support the results
1(2) = a("'m "0)iDmjJo(koj2rm Zj):  (6) presented in Theorem 1 and 2. For the simulation, a xed
m=1 frequencyf = co= 749481 MHz wherecy = 1:p "0 oIS
Proof: If N is sufciently large, the following relation the speed of light and = 0:4m s considered. The number of
holds forz 2 R? (see [19]) incident and observation directions is sefiNo= 36, the latter
z being uniformly distributed oS! except stated otherwise. We
(] X e ikofn 2 e e R 2gp = 3 (kojzi):  (7) set as a square of side length uniformly discretized with
N et 2 g " 50 50 square pixels. The far- eld patterns, (2,;8,) are

el _ generated vidkEKO(EM simulation software), where
Sinced, = Rn, applying (1) and (7) to (2), we can evaluate 2 1) . 2@®m 1)

hu, (*n;an);e tkoRn Zi|_2(31) | Rp = cos N »Sin N
kzgl +1) X > "m "o D X ikt, @rm z) With N =36. A 20dB white Gaussian random noise is added
4 Kk m P JPm] € to unperturbed data using]ATLABfunction awgn included
m=1 n=i in the signal processing package.
ka+) X, n o iDmjdo(koi2rm  Zi): To compare the accuracy of the results the Jaccard index
2k o " oo 1o mlotolrm 2 [28] is used. It measures the similarity of two nite sample

. . . . ) setsA andB and is de ned as
Finally, applying Holder's inequality A\ Bj

. ; . . J (A;B)(%) = : -
jus (Ra:8);e o 2i g Kk up (R B)kezs) (AB)OO) = X178

leads to (6) which completes the proof. m In our work, the Jaccard index is calculated by comparing
The structure of (6) explains that DSM within thel exact (2) with an index magd (z) de ned for a threshold
mono-static con guration is no longer proportional to 2 [0;1]as

100

jdo(kojrm  Zzj)j but to jJo(koj2rm  zj)j. This means that 1 for z2

| 38w (z) reaches its maximum value at shifted locations lexact (2) = 0 for z2 R2n

z = 2r,. Due to this reason, traditional application of DSM

will lead to miss-localization of the inhomogeneities. and @) if 1)
Thanks to (6), an alternative indicator function of DSM I (z):= z) z

0o if 1(2)<;

| mo%, (z) can be proposed: far2
, . , . respectively. Herel (z) is eitherl z) (4), 1 58° (2) (5
jhug (kn;an);e 2k o%n Z|L2(Sl)J_ or |pmono ;/ 9 (@) osw (2) (4). 1 o5’ (2) (5)
S (8 mpsm (2) (9)-
kug (Rn;8n)kez(s For each example the map of the indicator function is

esented in the multi-static case (4) using Mé collected

ata and in the mono-static case using bhecollected data
thanks to either (5) or (9).

Examplel (Small disks of same radii and permittivityfrirst,
we consider small dielectric disks, with 0:075
and ", 59, m = 1;2;3. The locationsr,, of
mono (7) = i 2i arer; = (0:75; Q:75 ), r2 = ( ;. 0:_5 ), andrg =
maxj o’ ( 0:75; ). According to the results in Fig. 2, the location
22 of rm 2 1 can be identied using the classical DSM
where indicator functionl psm (z) (4) when using the multi-static
data (Fig. 2a) but failed when using the mono-static ones
2(2) = 2" "0)iDmjdokojrm  zj): (9) (Fig. 2b) whereas more accurate locations are retrieved via
m=1 the map ofl 13%, (z) (Fig. 2c); however, due to the intrinsic
. mono . . lack of information of the monostatic con guration, only aw
. A(\;k '?hownz')'mwrfigc)h I %%SM tﬁ]ze) Clc.?mrgrrOp%:ctIO(rg)ll :]C;S of the three defects are properly identi ed. As expectedia t
JMoleKolm 1) ' y ' mono-static con guration a number of artifacts is also uu#d

fts maximum values az = rm, m = 1;2 M, in the map as discussed in the previous section
which corresponds to the localization of the defects to P P '

be identied. It is interesting to observe that, accordingxample2 (Large disk) In order to verify that our approach
to [17], [20], [22], [25]—-[27], the traditional DSM in the still behaves properly when the small obstacle hypothesis i
multi-static con guration is proportional tJo(kojrm  zj)j. no longer veri ed, we are considering the identi cation afi a
By comparing the oscillation property odp(kojxj) and extended target designed as a single disk circlecated at
Jo(2Kojxj), it can be shown thdtj g%, (z) will contain more r = ( 0:75; 0:75 ) with radius 1 and permittivity
artifacts than psy (2). " = 5"q. Here also the shifting problem occurs i (z)

mpsm (2) 1=

Following the same path (omitted here) than for Theorem
leads to

Theorem 2. Assume that the total numbhir of incident and
observation directions is suf ciently large. Thehy3%, (z)
can be represented as:


parkwk
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@) 1 psm (2) () 1 33w (2) (© 13y (@ (d) Jaccard index

Fig. 2. Simulation results of Example 1

(@) | psm (2) () 1 58w (2) ©) I yssy (2) (d) Jaccard index
Fig. 3. Simulation results of Example 2
) ‘ L ‘
(a) Map ofl pswm (2) (b) Map of I 33F (2) (c) Map of I 158, (2) (d) Jaccard index

Fig. 4. Simulation results in Example 3. Red-colored stitid-describes the limited range of incident and obserxativections.

as shown in Fig. 3b whereas, when usIfif%y, (z), a better VI. CONCLUSION AND PERSPECTIVE

localisation of the center of target is obtained (Fig. 3@reif . L . :
. targ : (Fig. 3¢9 ._In this study, the application of DSM in the mono-static
none of them is able to estimate neither the shape nor the size

of the defect. As expected better results are obtained Wk guratlon_ for nding the Iocatlon_ of small targets is

. . . . considered in a 2D scalar con guration. Thanks to the use
using the mutli-static data (Fig. 3a). . ) .

of the asymptotic expansion formula in the presence of small

Example3 (Limited view). Motivated by the application in inhomogeneities and the far- eld hypothesis, the mathéraht
GPR and SAR, we apply the designed indicator functiastructure of the indicator function of the traditional DSH! i
wBem (z) when the range of incident and observation diestablished and the reason for which it fails to image the
rections is limited. It is important to emphasize that due tgefects is clearly identi ed. To overcome this miss-lozation
the use of the far- eld hypothesis such a con guration is nadf the defects a modi ed DSM (MDSM) is proposed and
directly related to a GPR con guration, even if the in uencets ef ciency is theoretically shown. Numerical simulati®
of the limited aspect of the data is exempli ed. are provided to support our theoretical results for various

The con guration is the same as for Example 1 except thghstacles.
range of incident and observation directions which is kdito Nevertheless, some improvements are still required as for,
the upper half-circle with onlfN = 19 collected far- eld data. as an example, the near- eld case for which the provided
The simulation results are displayed in Fig. 4. As for the twequations are no longer correct, while the multi-frequency
previous examples the results using the multi-static eeadt version is also of interest and should be treated.
eld provide the best localisations (Fig. 4a) whereas thenoro
static case using the classical DSM does not provide any good
results since the shifting problem still occurs (Fig. 4bk A
expected the mono-static modi ed DSM is able to localize The authors would like to acknowledge D. Lesselier for his
two obstacles among the three (Fig. 4c) as it was the cagfuable comments. W.-K. Park was supported by the Basic
with full-view aperture (Fig. 2c). Science Research Program of the National Research Founda-
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