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Abstract. Molecular dynamics (MD) simulations have been carried out to study
isotope eﬀects in lithium hydride and lithium deuteride crystals. Quantum eﬀects
on nuclear motion have been included through a quantum thermal bath (QTB). The
interatomic forces were described either within the density-functional theory (DFT) in
the generalized gradient approximation (GGA) or by the phenomenological approach
using the shell model. For both models, the isotopic shift in the lattice parameter
can be successfully predicted by QTB-MD simulations. The slope of the experimental
isotopic shift in pressure is satisfactorily reproduced by QTB-MD within DFT-GGA,
in contrast to both density-functional perturbation theory and QTB-MD with the shell
model. We have analyzed the reasons of these discrepancies through the vibrational
densities of states and the isotopic shifts in bulk modulus. The results illustrate the
importance of anharmonic contributions to vibrations and to the isotopic pressure shift
between LiH and LiD.
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1. Introduction
A considerable amount of experimental data and theoretical studies evidence that
isotope substitution inﬂuences thermal, elastic and dynamical properties of crystals
[1]. Isotope eﬀects are especially pronounced whenever the reduced mass changes
considerably. This happens in passing from LiH to LiD, two materials that have recently
attracted much attention, as they are used in nuclear fusion [2] and are involved in
hydrogen-based energy production [3].
From the theoretical point of view, 7 LiH and 7 LiD are relevant test cases for any
method that includes the description of quantum eﬀects [4]. In general, the crystal with
lighter isotopes has larger lattice parameters. This purely quantum eﬀect is due to the
dependence of phonon frequencies on atomic masses and on anharmonic interactions.
Isotope eﬀects are important below Debye temperature, θD , and progressively weaken
at higher temperatures.
Isotopic shift in the lattice parameter and in the equation of state of many crystals
can be treated through the quasi harmonic approximation (QHA) [5]. However, this
approach is not well suited for disordered systems, such as liquids, amorphous solids
or crystals with defects. Moreover, many important dynamical phenomena, such as
diﬀusion or density ﬂuctuations, are outside the range of applicability of QHA.
Another technique that gives full access to statistical properties of materials,
independently of their phase, is molecular dynamics (MD). However, in most cases,
nuclei are treated as classical particles, and statistical averages are derived from
classical partition functions. As quantum eﬀects are missed, standard MD is suited
at temperatures beyond θD . Nevertheless, some authors used standard MD to describe
isotope eﬀects in lithium hydrides, at the expense of introducing two distinct empirical
interatomic potentials, one ﬁtted for 7 LiH and the other for 7 LiD [6]. This procedure
is questionable from the theoretical point of view, because isotope eﬀects are primarily
of statistical nature and are not a consequence of changes of interatomic interactions.
Moreover, these potentials are not necessarily transferable to complex lithium hydride
phases and might fail to describe isotope eﬀects in a wide temperature range.
Quantum eﬀects can be included in MD simulation through the well-known
path-integral formalism of Feynmann [7].
This approach provides averages of
physical quantities by taking into account the exact quantum statistical distributions.
Unfortunately, it is very time consuming, which limits applications to complex or large
systems. Recent alternatives consist in coupling the system to a quantum thermal
bath (QTB) [8] or to a colored-noise thermostat [9]. Both approaches were designed
to describe quantum nuclear dynamics and save at least two orders of magnitude of
computer time with respect to path-integral MD technique [10, 11].
In this work, we combine QTB-MD with ﬁrst-principles description of the potential
energy surfaces, within the density functional theory (DFT). On one side, QTB-MD
accounts for the quantum nature of the light H, D and 7 Li elements; on the other side,
DFT provides a full description of the Li-H bond, in a large range of applied pressures.
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We also present QTB-MD simulations based on an empirical interatomic potential [6].
The structure of the paper is as follows. The implementation of the QTB in the ABINIT
code and the computational details are presented in section II. Section III reports the
results of MD simulations for the isotope eﬀects on the lattice parameter, on phonons
and on the equation of state.
2. Computational Details
We employed the generalized gradient approximation (GGA) for describing the
exchange-correlation energy, in the PBE form [12]. Previous numerical studies on LiH
and LiD within the DFT employed pseudopotentials in order to describe the interaction
between core (1s) electrons of Li and valence electrons from both Li and H. However,
it appears that some structural and dynamical properties are sensitive to the relaxation
of the Li core electrons [13]; therefore, we generated a norm-conserving pseudopotential
for Li, within the Troullier-Martins scheme [14], by including the (1s) electrons in
the valence. The reference atomic conﬁguration was (1s)2 (2s)0 (2p)0.25 . rs = 1.45 a0
and rp = rd = 1.3 a0 cutoﬀ radii were adopted for the s, p and d components,
respectively. The H pseudopotential has been generated in the Troullier-Martins scheme,
with standard parameters [15]. Our calculations are thus all-electron, although KohnSham orbitals were pseudized in the space region around the nuclei. Within this choice,
static calculations, including no quantum eﬀect, yielded converged lattice parameters
for LiH already at 70 Ryd energy cutoﬀ for the plane-waves basis set.
As a starting point, we computed the equilibrium lattice parameter, a0 , the bulk
modulus, B0 , and its pressure derivative, B0 , within the static approximation, that is,
neglecting any quantum motion. These quantities are given in table 1 and agree well
with previous calculations [16, 17].
Table 1. Results of static calculations without taking into account the zero-point
motion for LiH: lattice parameter a0 , bulk modulus B0 and pressure derivative B0 of
bulk modulus. All calculations adopted the GGA for the exchange-correlation energy
functional. We also specify the type of equation of state (EOS) used for ﬁtting the
numerical data.
EOS

present
Vinet [21]

Ref. [33]
not speciﬁed

Ref. [17]
Murnaghan [20]

Ref. [16]
Birch [35]

a0 (Å)
B0 (GPa)
B0

4.028
36.3
3.32

4.025
36.2

4.008
36.5
3.63

4.011
36.1

We implemented the Quantum Thermal Bath (QTB) in the parallel version of
the ABINIT code [18, 19]. We started from ABINIT 6.0.4 and included the QTB by
modifying subroutine moldyn. The reversible algorithm by Martyna and coworkers [22]
was used to integrate the equations of motion. This algorithm allows to simulate either
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the canonical (NV T ) or the isobaric-isothermal (N P T ) ensembles. In both cases, the
classical thermostat of the original algorithm was replaced by the QTB [8]. The ABINIT
code was very slightly modiﬁed, as the original atomic forces that are derived from the
electronic structure are unchanged. Two additional contributions to atomic forces have
been included: a dissipative force with an eﬀective frictional coeﬃcient and a Gaussian
random force having the power spectral density given by the quantum ﬂuctuationdissipation theorem, thus diﬀerent from a white noise as in classical Langevin dynamics.
Before each run, random forces were generated according to the method described in
Ref. [8] and by using a high-frequency cutoﬀ (ωmax = 100 THz, above the highest
frequency of the physical LiH system), in order to avoid artifacts due to divergence of
the energy spectral density at high frequencies [23]. Random forces were stored in a ﬁle
that is read at each time step along the simulation.
In the equations of motion, the eﬀective frictional coeﬃcient was set at γ = 10−4
au−1 , that is γ = 0.414 × 1013 s−1 . This value is smaller than the full width at half
maximum of the simulated infared absorption peak within the GGA. The mass of the
barostat was ﬁxed at 5 × 106 m a20 , where m is the electron mass and a0 the Bohr radius.
DFT simulations were performed for samples consisting of 64 atoms, in a cubic cell.
Starting from the face-centered cubic structure, the system was equilibrated for several
ps, for diﬀerent temperatures ranging from 10K to 300K. Afterwards, statistics on the
lattice constant in the (N P T ) ensemble was taken for about 10 ps. We also calculated
the pressure for 7 LiH and 7 LiD as a function of the volume in the (NV T ) ensemble,
along QTB-MD runs about 6-7 ps as long, after equilibration.
For comparison purposes, we also performed QTB-MD simulations based on
an empirical interionic potential. We adopted, for both 7 LiH and 7 LiD, the same
incompressible shell model developed by Haque and Islam [6] for 7 LiH. This model
allows to simulate electronic polarization in a phenomenological way. Periodic boundary
conditions have been employed and the time step was equal to 5 × 10−16 s. For each
simulation, the system of 1000 ions was equilibrated during 50 ps before the computation
of average values, which were obtained along QTB-MD trajectories 50 ps as long.
We computed the density of states (DOS) of phonons by two distinct methods: (i)
from MD runs through the Fourier transform of the velocity autocorrelation function
[24] and (ii) from lattice dynamical properties within density functional perturbation
theory (DFPT) by interpolating the interatomic force constants on a 40 × 40 × 40 mesh
in the Brillouin Zone. Concerning (i), the equilibrium conﬁguration were generated in
the (NV E) ensemble at a kinetic energy corresponding to that found within the QTBMD simulation at 300 K. This temperature rescaling was used in order to recover the
mean quantum vibrational energy [25]. For instance, at T = 300 K within the QTB,
LiH shows a classical mean kinetic energy of 515 K. We chose to compute DOS along
(NV E) trajectories, as, within QTB or Langevin dynamics, a spurious high-frequency
tail would appear, because of the frictional coeﬃcient γ.
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3. Results and Discussion
3.1. Lattice parameter versus temperature
), as a reference
We choose the lattice parameter of 7 LiD at T = 0 K (hereafter noted aLiD
0
value to deﬁne the isotopic shift. The experimental value (4.049 Å) [26] is reproduced
within 1.2% by QTB-MD in the GGA (4.097 Å) and within 2.5% by QTB-MD employing
the shell model [6] (4.152 Å). Our DFT value fairly compares with the QHA calculation
in the GGA (4.077 Å) by Yu and coworkers [17]. We ascribe the tiny discrepancy with
the latter value to the diﬀerent pseudo-potentials used in the two calculations.
Here we focus on the isotopic shift in lattice parameter between 7 LiH and 7 LiD,
as a function of temperature T . The shifts are collected in ﬁgure 1. The experimental
shifts are close to 0.016 and 0.014 Å at 0 K and 300 K, respectively. The isotopic shifts
obtained from QTB-MD simulations within the GGA amount to 0.019 and 0.016 Å at
0 K and 300 K, respectively. QTB-MD simulations with the shell model yields 0.010
and 0.008 Å at 0 K and 300 K, slightly underestimating the experimental isotopic shift
in the whole 0-300 K range.
As shown in ﬁgure 1, in both cases, the experimental trend in the isotopic shift is
correctly reproduced by QTB-MD, although its precision depends on the representation
of interatomic forces. We point out that the divergence between the lattice parameter
that was computed neglecting quantum eﬀects and that obtained by including them
through the quantum thermal bath is much bigger than the isotopic shift itself. For
instance, at 0 K, the inclusion of zero-point energy (ZPE) increases the 7 LiD lattice
parameter by 0.069 Å when using the GGA and by 0.043 Å within the shell model.
3.2. Phonons
Isotope eﬀects between vibrational spectra of 7 LiH and 7 LiD are mainly due to the
diﬀerence in atomic masses. Indirect eﬀects on interatomic forces due to the small
diﬀerence in lattice constant can be safely neglected in the following discussion. ﬁgure
2 shows that vibrational DOS are similar in the acoustic part of the spectrum, at low
frequencies, while optical contributions at higher frequencies diﬀer substantially. This
behavior fully agrees with Raman spectroscopy [27] and previous DFT calculations [13].
The shift in the optical region of the spectrum also involves larger zero-point eﬀects for
7
LiH than 7 LiD, which implies larger equilibrium volumes for the lighter isotope.
For instance, the experimental transverse optical frequency νT O , at ambient
conditions, shifts from 17.7 THz (7 LiH) down to 13.4 THz (7 LiD) [28, 29]. In DFPT
within the GGA, we chose 7 LiH and 7 LiD equilibrium volumes as determined by QTBMD runs at zero pressure and T = 300 K, in order to compute the transversal
optical frequencies. Both νT O (7 LiH) = 15.5 THz and νT O (7 LiD) = 11.9 THz were
underestimated by about 10%, mainly as a consequence of the use of the GGA. The
shell model severely underestimated these frequencies, νT O (7 LiH) = 13.2 THz and
νT O (7 LiD) = 10.0 THz, which were computed through QTB-MD runs at constant
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Figure 1. Isotopic shift in lattice parameter, Δa = a − aLiD
for both 7 LiH and
0
7
LiD, versus T . (a) Experimental results [26]; QTB-MD simulations by using (b) DFT
within the GGA or (c) the shell model. Fits (dotted lines) were obtained through
the expression Δa = A + B/[exp(TD /T ) − 1] where TD is analoguous to a Debye
temperature. In order to point out quantum eﬀects, panel (d) shows also the results
of standard MD with the shell model up to T = 600 K, which leads to same results for
7
LiH and 7 LiD.

volume. The ratio of transverse optical frequencies νT O (LiH)/νT O (LiD) can be taken as
a measure of the isotopic shift. Both experimental and simulated ratios
 give the expected
inverse ratio between the square root of reduced masses, that is, μ(7 LiD)/μ(7 LiH) 
1.3.
Moreover, we found that anharmonic contributions to vibrations may be relevant.
In order to estimate the importance of these contributions for thermal and mechanical
properties of 7 LiH and 7 LiD, we compared their phonon DOS, obtained through MD
simulations in the (N V E) ensemble, as speciﬁed in Section 2, which correspond to
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Figure 2. Vibrational DOS for 7 LiH and 7 LiD obtained through DFPT within the
GGA for the optical and acoustic bands.

distinct mean kinetic energies. At T = 1 K, in particular, the system is in the harmonic
regime.
Boronat et al. claimed that anharmonic eﬀects are negligible at 20 K [30]; however,
as shown in ﬁgure 3, we found that they are relevant in the vibrational spectra. For
instance, for the lighter and more abundant 7 LiH isotope, the gap in the phonon DOS
around ν  15 THz in the harmonic regime was partially ﬁlled. Moreover, in the
range of optical phonons, all peaks are smoothed; for ν ≥ 32 THz, phonons appear at
frequency overtones, which were absent in the harmonic regime. Both characteristics are
signatures of phonon-phonon interactions that are revealed by quantum eﬀects, which
cause LiH to probe the anharmonic part of the interatomic interactions. In the 7 LiD
case, diﬀerences are less visible because of the smaller frequency range and the absence
of the gap between acoustic and optical frequencies (ﬁgure 3).
3.3. Isotopic shift in pressure
The behavior of 7 LiH and 7 LiD at high pressures has been the object of considerable
attention in past years. Experimental data were obtained by neutron [31] or x-ray
diﬀraction [32]. The latter work showed that 7 LiH remains in a rocksalt structure up
to 36 GPa and 7 LiD up to 94 GPa. Isotope eﬀects on the equation of state (EOS) were
discussed.
The EOS of 7 LiH and 7 LiD were ﬁtted to ab initio QTB-MD data at T =300 K
through the Vinet equation [21]. The resulting parameters, a(P = 0), B and B  are
listed and compared with experimental values in table 2. Therefore, within the statistical
error, we did not ﬁnd any isotopic shift in bulk modulus. This is consistent with the
fact that acoustic phonons are pretty much the same in the two isotopes, as discussed
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Figure 3. Vibrational DOS for 7 LiH and 7 LiD. They have been computed via the
Fourier transform of the velocity autocorrelation function within (N V E) MD, at 1 K
(dashed line), or at 515 K (7 LiH) and 435 K (7 LiD) mean kinetic energies (full lines).
In all simulations, the lattice parameter was set, for each isotope, to its ambienttemperature value including quantum eﬀects, as shown in ﬁgure 1.

in the previous section. A similar behavior was reported [1] for other elastic constants,
within the experimental uncertainty.
Table 2. Lattice parameter a, bulk modulus B, and its pressure derivative B  , for
both 7 LiD and 7 LiH at T = 300 K and P = 0. All calculations adopted the GGA for
the exchange-correlation energy functional.

a(LiD) (Å)
a(LiH) (Å)
B(LiD) (GPa)
B(LiH) (GPa)
B  (LiD)
B  (LiH)

MD-QTB
this work

Exp.
Ref.[32]

4.116
4.135
29.2 ± 0.4
28.6 ± 0.8
3.7
3.7

4.070
4.081
32.2
32.2
3.53
3.53

QHA
Ref.[33]
4.142
28.8

We computed the isotopic shift in pressure, ΔP , between 7 LiH and 7 LiD versus the
applied pressure P on 7 LiD from QTB-MD simulations at 300K. Our results are close
to the experimental data [32], in the whole 0-20 GPa range of applied pressures, both
in value, in spite of being overestimated, and increasing trend (ﬁgure 4). Therefore,
QTB-MD within the GGA reproduced the slope of isotopic shift in pressure accurately;
in particular, the higher P , the smaller the volume, the more relevant quantum eﬀects
on nuclear motion become.
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Figure 4. Isotopic shift, ΔP , deﬁned as the diﬀerence in pressure between 7 LiH and
7
LiD at a given volume, versus pressure P in 7 LiD. Filled circles and squares with a
linear ﬁt are QTB-MD calculations within DFT-GGA and shell model, respectively.
Open circles are experimental results [32] and dotted line is DFPT calculation of Ref.
[13]. We mention that ΔP = 0 in standard MD, whatever the atomic forces.

The pressure on lighter 7 LiH thus increases faster than on heavier 7 LiD. QTB-MD
simulations using the 7 LiH shell model of Haque and Islam [6] yielded constant ΔP
(ﬁgure 4) close to the experimental value obtained for zero pressure on 7 LiD. Therefore,
this interatomic potential is not suitable to study lithium hydride at high pressures.
QHA within the DFPT [13] provided a fair estimate of the isotopic shift ΔP at low
pressure on 7 LiD (ﬁgure 4). However, the slope of the curve ΔP signiﬁcantly diﬀered
from the experimental one, especially at high pressures. Although the authors of ref. [13]
used the LDA and diﬀerent pseudopotentials from ours, we attribute this discrepancy to
a failure of the quasi-harmonic approximation to represent the isotopic shift in pressure
faithfully within the linear response regime. As pressure increases and volume shrinks,
interatomic force constants get bigger and optical frequencies may substantially increase.
Anharmonic contributions at high frequencies, which are not the same in 7 LiH and 7 LiD,
are not accounted for by the QHA (§3.2 and ﬁgure 3). We guess that this is the main
reason why ΔP from the QHA diverges from experimental data at high pressure.
In order to discuss the behavior of isotopic shift in pressure ΔP at low P , we rely
on the Murnaghan EOS [20]. From a Taylor expansion of the Murnaghan EOS in terms
of the equilibrium volumes V0 , bulk moduli B0 and their pressure derivatives B0 for
7
LiH and 7 LiD, respectively, one obtains:
ΔV0 ΔB0
∂ΔP
 B0
+
(1)
∂P
V0
B0
where ΔV0 and ΔB0 are the isotopic shifts in equilibrium volume and bulk modulus,
 2.5;
respectively; other quantities are referred to 7 LiD. At P  0, experimental ∂ΔP
∂P
in our QTB-MD simulation within GGA, the ﬁrst term (4.1) in equation (1) is much
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 2.8. Indeed, the isotopic shift in bulk
bigger than the second one (−1.3), yielding ∂ΔP
∂P
modulus is almost null within DFT-GGA. QTB-MD simulations using the shell model
provided a non negligible shift ΔB = −1 GPa [36]. As a consequence, the two terms
on the right side in equation (1) have opposite signs and almost compensate each other
(1.9,−2.2), yielding a roughly constant ΔP , with null slope at the origin. Possibly, an
improved shell model, ﬁtted on high-pressure data, might reproduce the experimental
isotopic shift in pressure.
4. Conclusion
We studied isotope eﬀects in 7 LiH and 7 LiD by using a quantum thermal bath (QTB)
that accounts for quantum eﬀects on nuclear motion in molecular dynamics (MD)
simulations. Two non-equivalent descriptions of interatomic forces have been considered:
the ab initio DFT-GGA and a phenomenological approach using the shell model. In both
cases, the experimental isotopic shift in the lattice parameter is reproduced, showing
the adequacy of the QTB for describing such eﬀects.
Acoustic vibrational DOS are similar for 7 LiH and 7 LiD, while optical phonons
are shifted to higher frequencies for 7 LiH. The comparison of the phonon DOS
obtained either in the harmonic regime or at kinetic energies that are representative
of system dynamics including quantum eﬀects illustrates the importance of anharmonic
contributions.
QTB-MD within DFT-GGA reproduces the experimental isotopic shift in pressure
with the correct slope, in contrast to the quasi-harmonic approximation, which fails
at high pressures. The discrepancy between the two methods again demonstrates the
importance of anharmonic contributions. Besides, QTB-MD by using the 7 LiH shell
model of Haque et al. [6] does not provide the experimental slope of the isotopic shift in
pressure. We attribute this discrepancy to the (likely erroneous) isotopic shift in bulk
modulus as found within the shell model. Indeed, in both experiments and GGA-based
QTB-MD simulations, bulk moduli of 7 LiH and 7 LiD are equal within the statistical
uncertainty whereas, for the shell model, the isotopic shift in bulk modulus is signiﬁcant.
These results might provide a route to derive suitable shell models for reliable simulations
of light elements at high pressures. A new potential could be obtained by ﬁtting the
shell-model parameters to the Vinet equation of state derived from static DFT-GGA
calculations without any quantum eﬀects. Its validity could be checked by taking into
account isotopic shifts in bulk modulus and pressure.
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