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Abstract

Soil is subjected to shear stress and/or displacements in numerous geotech-
nical apllications. This lead to large number of numerical models being de-
veloped to represent its behaviour under various stress paths.

This paper aims to present a sound mechanical formulation for finite
strains and to introduce a rational constitutive model to match realistically
the behaviour of soil where, for a high range of deformations, strains localize
and the phenomenon of grain breakage is usually observed in granular soil.
The reference model is the ECP’s constitutive model (also known as ’Hu-
jeux’s model’) which is an elastoplastic multimechanism model. An overview
is made of laboratory results and constitutive relations that consider finite
deformation, and the grain breakage phenomenon that is usually associated
with it in granular materials. The performance of the proposed constitutive
model is demonstrated simulating constant volume ring shear tests carried
out on Ottawa (OT) and Illinois River (IR) sands up to very high shear
strains and comparison of the obtained results with laboratory testing data.
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Constitutive model for granular materials considering

grain breakage in finite deformations

Abstract

Soil is subjected to shear stress and/or displacements in numerous geotech-
nical apllications. This lead to large number of numerical models being de-
veloped to represent its behaviour under various stress paths.

This paper aims to present a sound mechanical formulation for finite
strains and to introduce a rational constitutive model to match realistically
the behaviour of soil where, for a high range of deformations, strains localize
and the phenomenon of grain breakage is usually observed in granular soil.
The reference model is the ECP’s constitutive model (also known as ’Hu-
jeux’s model’) which is an elastoplastic multimechanism model. An overview
is made of laboratory results and constitutive relations that consider finite
deformation, and the grain breakage phenomenon that is usually associated
with it in granular materials. The performance of the proposed constitutive
model is demonstrated simulating constant volume ring shear tests carried
out on Ottawa (OT) and Illinois River (IR) sands up to very high shear
strains and comparison of the obtained results with laboratory testing data.

Keywords: Finite deformations, Elastoplasticity, Grain breakage,
Soil-structure interaction

1. Introduction

Numerous physical and numerical modeling simulations have been per-
formed in recent decades to explore the phenomena governing the behaviour
of soils under high shear strains.

The simulation of geotechnical problems involving large shearing which
takes place during pushed-in pile installations or landslides, among other
applications, require some issues to be addressed. Finite deformations take
place requiring an adjustment in the mechanical formulation of the constitu-
tive model at the interface level to considering that the small deformations
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(rotations and strain) hypothesis is no longer valid. Moreover, the constitu-
tive model must take into account the physical behaviour of the soil when
subjected to high order of magnitude displacements. This article attempts
to address these issues while modeling the behaviour of a soil subjected to
very large shear displacements in a ring shear test device.

This article is divided into four parts: The first part is focused on the
choice and adjustments of the mechanical formulation in order to cope with
finite deformations based on an extensive bibliographic research. The pre-
scribed formulation is detailed in this section.

The second part presents some remarks on laboratory test results from the
pile-soil interface during installation and, finally, ring shear and triaxial tests
where the behaviour of granular soil subjected to large shear displacements
is studied in detail and the ruling physical phenomena are identified and
quantified.

The third part discusses the modeling issues. First, the conditions at
which strain localization may occur are briefly recalled and then the addi-
tional mechanism introduced in an incremental elastoplastic model (Aubry
et al. (1982) Hujeux (1982)) to account for the behaviour of granular soil
under large shear displacements namely the soil particles ”crushability” is
presented.

The final part consists of an application of the proposed formulation and
constitutive model in the form of simulation results of shear tests with com-
parison to existing laboratory results. Different stress paths to which soil in
the vicinity of piles is subjected are simulated and the role of grain breakage
on the soil response is discussed through finite element computations.

2. Finite deformation problematics

Infinitesimal theories can be adopted to model the behaviour of inelas-
tic solids as long as the strains and rotations remain sufficiently small Wu
(2005). However, the deformations of solids under loading or imposed dis-
placements can also be large in cases such as ductile fracture, impact and
damage analysis, metal forming processes, soil mechanics, etc. This evidence
led to development of constitutive laws to model material behaviour beyond
the infinitesimal deformation range, both in elastic and plastic domains.

Since most theories of material behaviour (relationship between deforma-
tion and stress) are written considering the infinitesimal deformation hypoth-
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esis most of the effort concerning the finite deformation range has been the
extension of these theories. This extension is not, however, straightforward
and it has lead to different opinions, approaches and heated debates in the
scientific community. The extension of these theories encounters issues with
the stress and strain measures, decomposition of strain in elastic and plastic
parts, the stress rate, observer independent yield function and rotation of
material texture, among others Xiao et al. (2006).

The expression of finite deformations or large deformations is usually
associated with problems where differences between the undeformed and de-
formed states, important geometrical changes, cannot be neglected when
considering the constitutive law of the material under analysis. Finite defor-
mation analysis must take into consideration the complexity due to strong
non-linearity in geometry. Such complexity lies not only in the definition of
various strain measures but also in their conjugate stress measures (as well
as their rates). Therefore, a key issue is then which configuration (reference
state or current state) should be used to form the equations that will govern
the material’s behaviour de Souza et al. (2008).

2.1. Mechanical formulation

The physical pertinence and simplicity of the specific form of a consti-
tutive function (yield function, flow rule, etc.) would suggest that the most
appropriate constitutive variables should be those which can, in a natural
and direct manner, characterize and represent the physical essence and fea-
ture of the deformation behaviour under consideration. In finite deformation,
the natural deformation rate D with flow-like characteristics leads to a direct
extension of the separation of infinitesimal strain. The rate of deformation
D tensor can then be separated in two parts because of its linear relationship
with the velocity gradient:

D = De +Dp (1)

In the previous expression De and Dp are called elastic and plastic stretching
respectively and represent the instantaneous elastic and plastic deformation
increments over an infinitesimal time interval, each being referred to the cur-
rent configuration. The pair De and Dp may be regarded to represent the
recoverable and irrecoverable parts of the total work increment. The defini-
tions of basic mechanical quantities are presented in the Appendix A of this
paper.
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An Eulerian formulation has a direct physical pertinence, conceptual clar-
ity and structural simplicity Xiao et al. (2006). These advantages may be
amicable to efficient numerical treatment with finite element codes. How-
ever, the issue of how to select suitable rates for the formulation arises since
the solution to the objectivity requirement is far from being trivial (Johnson
and Bammann (1984) Liu and Hong (1999) Liangsen et al. (1999)). Multi-
ple studies have been done specially dedicated to this purpose considering
the five ”classical” stress rates: Jaumann, Green-McInnis or Green-Naghdi,
Cotler-Rivlin, Oldroyd’s and Truesdell stress rates. Also, troublesome non-
uniqueness and multiplicity of the separation of D would persist in the pres-
ence of infinitely many possible objective rates implying too many different
characterizations of the elastic stretching De for the recoverable energy part
(elastic).

A consistent Eulerian formulation by Xiao et al. (1997) has been proposed
based upon two consistency criteria, yielding stationarity and elastic integra-
bility, which avoid the serious problems of inconsistency accompanied by ar-
bitrariness, uncertainty and limitations of the previous stress rate attempts
(Xiao et al. (2000) Bruhns et al. (2001) Meyers et al. (2005) Naghdabadi
et al. (2005)).

The first consistency criteria is in the form of Prager’s criterion: ”The
simultaneous vanishing of the stress rate, back stress and hardening param-
eters should render the yield function stationary”. It should be noted that,
despite the issues with the Jaumann stress rate, the applicability of this
criterion to Eulerian rate formulations of finite plasticity is universal.

The second consistency criteria consists of the complete integrability of
elastic behaviour. This implies the establishment of a self-consistent elastic
rate formulation where De can characterize recoverable elastic behaviour. It
has been shown by Simo and Pister (1984) that the Eulerian rate equation
of hypoelastic type arises the integrability issue which relies on the defini-
tion of the stress rate. In other words, the criterion of elastic integrability,
introduced by Bruhns et al. (1999), namely ”for every process of elastic de-
formations with D = De, the rate equation should be exactly integrable to
deliver a dissipationless elastic relation and hence really characterize recov-
erable elastic behaviour”, is not verified.

Finally, the uniqueness property of the logarithmic rate in the above
solutions is considered. Recently it has been demonstrated that there is
one and only one choice for the stress rate such that the elastic equation
satisfies the integrability criterion. Obviously, from the definition of objective
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corotational stress rates, if the definition of the stress rate is unique so is the
spin tensor by which it is defined. These are respectively the logarithmic
stress rate (σlog) and logarithmic spin tensor (Ωlog).

σ
log =

∂

∂t
(σ)−Ωlog · σ + σ ·Ωlog (2)

where the defining equation for D is such that

D =
∂

∂t
(lnV)−Ωlog · lnV+ (lnV) ·Ωlog = (lnV)log (3)

By considering the logarithmic stress rate, it can be rewritten as

(lnV)log = D (4)

The separation of D is taken as an independent starting-point. Consid-
ering that, as said before, D is solely related to the ever-changing current
configuration, De and Dp need not be related to any ”elastic” or ”plastic”
deformation quantities relative to either a fixed referential or a changing in-
termediate configuration. To sum up, consistent constitutive formulations
should be established where De is indeed elastic (recoverable) while Dp is
definitely plastic-like (dissipative) Xiao et al. (2006). The elastic rate equa-
tion of grade zero will be written as

σ
log = 2µDe + λtr(De)I (5)

Moreover, it is found that the solution for the hypoelastic equation con-
sidering the logarithmic stress rate for a no stress initial condition of σ = 0

the previous equation can be written as

σ = 2µ lnV+ λtr(lnV)I (6)

In this equation, as it has been demonstrated by Xiao et al. (1997), the
Cauchy stress and the logarithmic strain can form a conjugate pair of stress
and strain. Now returning to the definition of the logarithmic stress tensor,
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moreover, the definition of the logarithmic spin tensor, an explicit basis-free
expression of the ”log-spin” Ωlog in terms of D, W and B is as follows:

Ωlog = W+Nlog (7)

whereNlog =







0 if b1 = b2 = b3
v[B ·D] if b1 6= b2 = b3
v1[B ·D] + v2[B

2 ·D] + v3[B
2 ·D ·B] if b1 6= b2 6= b3

in which B = V2 is the left Cauchy-Green tensor and bi = λ2i , i=1,2,3
are its eigenvalues. The bracket is defined here by

[Br ·D ·Bs] = Br ·D ·Bs −Bs ·D ·Br (8)

The other parameters in the equation are here defined as

v =
1

b1 − b2
(
1 + b1/b2
1− b1/b2

+
2

ln b1/b2
), (9)

vk = −
1

∆

3
∑

i=1

(−bi)
3−k(

1 + ǫi
1− ǫi

+
2

ln ǫi
), k = 1, 2, 3 (10)

∆ = (b1 − b2)(b2 − b3)(b3 − b1), (11)

ǫ1 =
b2
b3
, ǫ2 =

b3
b1
, ǫ3 =

b1
b2

(12)

It should be pointed out that the skewsymmetric tensor Nlog is a par-
ticular form of the general skewsymmetric tensor derived by Dafalias (1985)
in the investigation of the plastic spin. Also, from the above one can no-
tice that the explicit basis-free expressions presented enables us to determine
the log-spin Ωlog directly using the deformation gradient F given under any
coordinate system.
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It can be shown that not only the simple shear response but all possible
responses of the hypoelastic model based on the log-rate agree with those of
the finite deformation isotropic elastic model by the grade zero elastic rate
equation.

The approach considering the logarithmic stress rate never attempts to
separate the total elastoplastic deformation F and therefore satisfies to the
basic idea of the earlier Eulerian rate formulation employing physical per-
tinent quantities. The resultant constitutive formulation might not only be
physically pertinent but is also endowed with a simple structure.

Thus a consistent, physically pertinent formulation of finite elastoplastic-
ity is attained considering the inherent inseparability of the total elastoplastic
deformation as a physical entity since a proper definition of elastic behaviour
is unavoidably linked with an elastic or plastic deformation-like variable, is
attained.

The Eulerian formulation for finite strains with logarithmic rate will be
used henceforth in the mechanical formulation and constitutive model of this
study.

The interested reader can find a more complete coverage of this topic in
Truesdell (1955), Green and Naghdi (1971), Simo and Pister (1984), Dafalias
(1985), Naghdi (1990), Xiao et al. (1997), Bruhns et al. (1999), Xiao et al.
(2000), Fish and Shek (2000), Bruhns et al. (2001), Meyers et al. (2005),
Naghdabadi et al. (2005), Wu (2005), Xiao et al. (2006) and Chakrabarty
(2006).

3. Laboratory test results

Push-in pile installation and landslides are two typical cases among others
where the soil undergoes large deformations and evidence of particle crushing
in the localized shear zone has been observed. Moreover, phenomena such
as sliding-surface liquefaction and/or mobilized shear resistance reduction
which could be explained by the contractive volume change induced by grain
crushing phenomenon Okada et al. (2005).

The pile installation example is pursued here for the study of soil sub-
jected to large shear strains and its effects of structures. Laboratory-scale
investigations into pile behaviour remain popular because of the high cost of
field testing and the possibility of achieving specific soil characteristics in a
laboratory environment Lehane and White (2005). On one hand, 1g or cen-
trifuge tests are performed on small scale model piles to explore deformation

7



patterns and stress distributions in soil and pile capacity equations and their
sensitivity to various installation procedures with respect to soil and pile pa-
rameters. On the other hand, shear tests on soil specimens are carried out to
study the soil behaviour under various soil and interface conditions. In what
follows we will give a summary of such laboratory tests focusing on those
related to the physical phenomena which occur during installation of push-in
piles where the soil-pile interface undergoes large shear displacements.

• Physical modelling of pile installation

White and Bolton (2002) and White and Bolton (2004) performed cal-
ibration chamber testing combined with a new technique of displacement
measurement which used image analysis to study the penetration of a jacked
pile. The Dog’s Bay carbonate sand which is known to suffer particle break-
age was used. The behaviour of the soil adjacent to the pile is thoroughly
analyzed because the study is focused on the known”friction fatigue” phe-
nomena where the radial stress and thus the shaft friction experience a sharp
decrease behind the pile tip. It is found that the ”friction fatigue”, as a
function of the radial stress acting on the pile-soil interface, appears to be
somewhat a combination of two factors: a contraction at the interface level
due to continued shearing White and Bolton (2004) and an unloading of the
radial stresses of the zone next to the soil-pile interface layer.

The contraction at the soil-pile interface level is considered to be due to
particle rearrangement and repacking as a consequence of the pile rough sur-
face (this rearrangement is considered to be more important with increasing
number of cycles D’Aguiar et al. (2009)) and to fine broken particles that
move away from the interface.

For sands susceptible to particle breakage this effect can be quite rele-
vant leading to significant granulometric changes. White and Bolton (2004)
present a series of plane strain calibration chamber tests to quantify both the
pile base and shaft whilst installation of the pile (pushed-in) is performed. It
is found that the volumetric variation of the soil near the soil-pile interface
during the pile installation process is of major importance for the mechan-
ical behaviour of the interface. Some of this variation is an irrecoverable
volume reduction from grain crushing due to continued shearing White and
Bolton (2004). Yang et al. (2010), who performed calibration chamber and
ring shear testing, note that ’it is clear that pile installation in pressurized
sand involves particle breakage and shear band formation’. The shear bands
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are constituted of broken soil particles forming beneath the pile tip. It is
found that considerable grain breakage takes place at the interface level dur-
ing monotonic pile installation. Yang et al. (2010) consider that monotonic
ring shear tests generate an interface layer that is comparable to the one
obtained for the soil-pile interface layer during calibration chamber testing
as well as broadly similar patterns of interface roughness, in spite of leading
to thinner shear zones and lower proportions of fractured sand.

• Ring shear and triaxial tests

Ring shear testing (RS) is a practical and valid tool to explore soil be-
haviour under very large shear displacements including shear and normal
stresses application, initiation of bifurcation and shear band development
among others.

Okada et al. (2005) performed ring shear and triaxial tests, under drained
and undrained conditions, on fine silica sand and Osaka-group coarse sandy
soils. It is found that critical state conditions (deformation at constant vol-
ume, constant normal effective stress, constant shear stress and constant
velocity) cannot be attained with standard triaxial testing. The results are
similar to those obtained by Sadrekarimi and Olson (2011a). Lower shear
resistances are obtained in RS tests than in triaxial tests. Two phase trans-
formation points are found for dilative specimens and it is interpreted from
the undrained tests that the decrease in shear resistance is related to an in-
crease in pore pressure (contraction) as a result of considerable grain crushing
in the specimens. In order of magnitude, the variation of the height of the
specimen in drained tests is more substantial than the pore pressure variation
in the undrained tests. This is due, as interpreted by the authors, to the fact
that the pore pressure can never surpass the total normal stress whereas, in
the drained tests, variation in specimen height can continue as long as grain
crushing does not cease. This behaviour can be observed in Figure 1 in the
ring shear tests for silica sand but the same behaviour, qualitatively, is also
found in medium-dense and dense Osaka-group coarse sandy soils. Similar
behaviour was found by Sassa et al. (2004) in undrained dynamic loading
using the ring shear apparatus.

Sadrekarimi and Olson (2010a) tested in the ring shear apparatus (height
of the soil specimen in the apparatus is 2.6cm) three different sands: Ottawa
sand (OT), Illinois River sand (IR) and Mississippi River sand (MR). Sub-
stantial particle damage was found in the shear band but no particle damage
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Figure 1: Effective-stress paths of medium-dense and dense silica sand (Sr5: e0 = 0.98
; Sr8: e0 = 0.86) in undrained shear tests where the displacements are indicated Okada
et al. (2005)

above the shear band occurred. Competing shearing mechanisms were found
to be at play for OT and IR sands: dilation and particle damage (contractive
behaviour). It usually started with dilative behaviour leading to shear resis-
tance increase until the occurrence of the second phase transformation and
ending with net contraction due to particle damage and decrease in shear
resistance until reaching a critical state (a zero volume variation state). It
should be noted that according to the grain size distribution curves, ob-
tained before and after shearing, high levels of particle crushing were found
(Figure 2) as a result of these tests.

Sadrekarimi and Olson (2010b) focused on particle damage during ring
test shearing, for Ottawa sand (OT), Illinois River sand (IR) and Missis-
sippi River sand (MR), where it is found that stress concentration at particle
asperities and the torque applied to individual sand particles during shear-
ing are the main mechanisms for particle damage. More particle damage
is found to occur in drained RS tests than in constant volume tests. The
particle damage effects on stress-strain response found in drained conditions
are that it causes contraction in the shear band even for initially dilative
specimens. Similar to previous tests Sadrekarimi and Olson (2010a), as par-
ticle damage increases it overcomes dilation and produces net contraction
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Figure 2: Grain-size distributions of IR sand before and after RS testing Sadrekarimi and
Olson (2010a)

(2nd phase transformation) which continues until normal stresses are small
enough to cease particle damage and the critical state is reached.

Figure 3 and Figure 4 presented by Sadrekarimi and Olson (2010b) show
the evolution of the shear band and the stress paths for RS tests in OT sand.
The different steps identified by letters, (a) to (d), in the plots are explained
by Sadrekarimi and Olson (2010b) where (a) is the first transformation point,
(b) is the initiation of bifurcation, (c) is the second transformation point (in
constant volume tests) and (d) is the end of the tests.

Sadrekarimi and Olson (2011b) considered the effect of large shear dis-
placements, where grain crushing occurs, on the normal compression line
(NCL) and the critical state line (CSL) for Ottawa sand (OT), Illinois River
sand (IR) and Mississippi River sand (MR) in RS and triaxial tests. They
find that for IR and OT sands they start and remain mostly parallel even at
large shear displacements. However, both CSL and NCL lines become much
steeper with shearing. For MR sand, only the CSL becomes steeper and the
NCL does not change significantly.

Sadrekarimi and Olson (2011a) studied the effect of large shear displace-
ments in RS and triaxial tests on the critical friction angle for the same sand
as in Sadrekarimi and Olson (2011b). The friction angle is shown to increase
with particle damage since it produces a wider particle size distribution and
more angular particles. It is shown to be independent of stress path, initial
fabric, initial void ratio and consolidation stress but depending primarily on
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Figure 3: Shear band evolution and corresponding stress paths and stress-displacements
plots in constant volume RS tests on OT sand Sadrekarimi and Olson (2010b)

particle mineralogy, shape and the intermediate principal stress. The triaxial
tests are found not to reach the second transformation point.

From the works summarized here it can be seen that, despite the fact that
both shear and normal stresses are relatively low during the tests performed,
high levels of particle crushing are found which brings into question the
notion that crushing only occurs at elevated levels of stress in the soil. It
may be assumed that high levels of shear strain will produce high stresses at
the asperities of particles which can result in considerable particle damage.
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Figure 4: Shear band evolution and corresponding stress paths and stress-displacements
plots in drained stress paths RS tests on OT sand Sadrekarimi and Olson (2010b)

4. Soil constitutive model

Numerous authors have proposed constitutive models to tackle the be-
haviour of soil specimens subjected to grain crushing and large shear dis-
placements, namely at the interface level (Desai and Ma (1992) Mortara
et al. (2002) Gennaro and Frank (2002)), in order to simulate geotechnical
structures. A brief summary of some of the models is presented henceforth.
Cecconi et al. (2002) formulated a model developed for a pyroclastic soil -
coarse-grained soft rock. The central assumption is that the frictional prop-
erties of the material change with the development of plastic strains and pro-
pose three variables to model that change. The properties that are considered
to change include the friction angle, the elastic domain and NCL slope, and
finally a parameter that controls the yield locus shape. The change of the
friction angle implies a change in the classical stress-dilatancy formulation.
The model focuses on grain crushing effects despite borrowing heavily from
the effects of debonding (loss of structure) in terms of mathematical formula-
tion. Russell and Khalili (2004) propose a model where the critical state line
(CSL) in the volumetric-stress space steepens when grain crushing occurs
and then flattens at some point. The critical state line takes the form of 3
linear segments dependent on the stress level interval. The phases are: par-
ticle rearrangement in sliding and rotation, particle crushing (substantially
more contraction) and finally particle crushing is no longer the main factor
(contraction reduces considerably leading to an almost flat CSL). The model
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considers the Roscoe dilatancy rule (the critical state line separates between
contractive and dilative states of the stress path Roscoe et al. (1958)) and
friction angle is considered to be a constant which is validated by triaxial
testing. Salim and Indraratna (2004) proposed a model which is based on
an extra internal variable dependent on the back-calculation of triaxial test
results. This internal variable is the breakage index which requires labora-
tory testing to be defined and hence adds 5 additional parameters that are
required for the breakage mechanism. The plastic flow rule, based on Roscoe
dilatancy rule, incorporates the breakage variable and a Mohr-Coulomb yield
locus is considered. Hu et al. (2011) propose a model with two yield surfaces:
shear sliding (Roscoe dilatancy rule) and isotropic compression (associated
flow rule). A breakage function is proposed connecting the evolution of the
CSL to the energy consumed relating implicitly the position of the CSL to
gradation. The position of the CSL is defined by Biarez’s correlation between
peak friction angle and intrinsic friction angle using the present void ratio
and the critical void ratio Biarez and Hicher (1994). Void ratio depends on
breakage index therefore the breakage index is correlated with the CSL while
considering the gradation of the specimen.
From the models presented here none attempts to model the second transfor-
mation phase seen in some of the laboratory tests. A great deal of attention
is given to the determination of the evolution of gradation by some of the
models but the furthest that these models consider is to limit or annul dila-
tion but not in reversing the volumetric behaviour. The proposed model in
this article attempts to address that behaviour of the soil subjected to large
shear strain.

4.1. ECP constitutive model

The ECP’s constitutive model, commonly known as Hujeux model, is
an elastoplastic multimechanism model (Aubry et al. (1982) Hujeux (1982)
Modaressi (2003) Daouadji et al. (2001) and Sica et al. (2008)) characterized
by different yield surfaces, allowing for an anisotropic response. It also in-
corporates critical state soil mechanics and considers a Coulomb failure line.
The model is defined with a very small elastic domain were the behaviour
is nonlinear elastic. Isotropic hardening with plastic strains represents the
effect of compressive effective pressure in soil (barotropy) and the progressive
mobilization of the friction. The latter is also a result of isotropic harden-
ing due to increasing plastic deviatoric strains. Cyclic behaviour is defined
by kinematic hardening of the yield surfaces and the internal variables with
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discontinuous evolution laws. The flow rule is associated for the isotropic
mechanism and deviatoric plastic strains while a Roscoe type dilatancy rule
Roscoe et al. (1958) governs the volumetric plastic deformations generated
by the deviatoric mechanisms. The isotropic nonlinear elastic behaviour is
represented in the model by an evolution of the elastic variables with the
mean compressive effective stress. The bulk and shear modulus, K and G,
are determined as

K(p′) = Kref (
p′

p′ref
)ne (13)

G(p′) = Gref (
p′

p′ref
)ne (14)

where Kref and Gref are the moduli measured at the reference pressure
p′ref and ne is the degree of non-linearity (ne = 0 corresponds to linear elas-
ticity).

The model has one isotropic and three deviatoric mechanisms defined
in orthogonal planes. For each deviatoric plastic mechanism ”k” associated
with a plastic plane strain, a projection matrix Ok is defined in the base
plane (ei, ej) with ek as the normal vector, such that:

σk = OkσOk (15)

where Ok is

Ok = e(1+mod(k,3)) ⊗ e(1+mod(k+1,2)) + e(1+mod(k+1,3)) ⊗ e(1+mod(k,2)) , k ∈ [1, 2, 3](16)

and mod(k, j) is the remainder of the division of k by j. Thus,

O1 = e2 ⊗ e3 + e3 ⊗ e2 (17)

O2 = e1 ⊗ e3 + e3 ⊗ e1 (18)

O3 = e2 ⊗ e1 + e1 ⊗ e2 (19)
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This projection which results in the following form for the stress tensor
associated to the ”k” plane, verifies the plastic plane strain hypothesis in this
plane

σk = σiiei ⊗ ei + σjjej ⊗ ej + σij(ei ⊗ ej + ej ⊗ ei) (20)

The variables considered per mechanism can therefore be defined

p′k =
tr(σ′

k)

2
(21)

sk = σ
′

k − p′kIk (22)

qk = ||sk|| (23)

Dvk = tr(Dk) (24)

DDk = Dk −DvkIk (25)

where

Ik = ei ⊗ ei + ej ⊗ ej (26)

D is the rate of deformation tensor (symmetric) that can be decomposed
in De and Dp which are called elastic and plastic stretching respectively as
presented in Section 2. Also, Dp =

∑

k=1,4

D
p
k where only active mechanisms

contribute.
The yield criterion for a given deviatoric plane ”k” is defined by

fk(σ, pc, rk) = qk − pk · sinφpp · rk · (1− b · ln(
pk
pc
)) ≤ 0 (27)

where

16



ṗc = pcβtr(D
p) , ṙk = Λ̇

(1− rk)
2

a
(28)

The expressions presented here introduce material properties. The pa-
rameter ”β” is the plastic compressibility modulus which serves to represent
the influence of the densification in the material behaviour and is taken into
account in the state variable ”pc” (pycnotropy). This parameter defines the
variation of ”pc0” which corresponds to the critical mean effective stress at
the initial void ratio. Parameter ”φpp” is the friction angle of the material
representing the critical state line (state where deformation occurs at con-
stant volume) in the stress plane and ”b” is a parameter that defines the
shape of the yield surface. A value of ”b = 1” represents a Cam-Clay-type
yield surface and ”b = 0” a Mohr-Coulomb-type yield surface. The variable
”rk” represents the deviatoric hardening variable. This variable starts at an
initial value ”relk ”, representing the size of the deviatoric elastic domain, and
evolves until the value of unity at the perfect plasticity state. The parame-
ter ”a” has a great influence on the evolution of the deviatoric hardening, a
lower value of ”a” leads to faster increase of the hardening parameter. This
variable varies with the deviatoric deformations according to the relationship
proposed by Hujeux (1982)

a = a1 + (a2 − a1)α(rk) (29)

where α(rk) evolves depending on the interval where the value of rk is

α(rk) =







0 if rk < rhys pseudo-elastic domain

(
rk−rhys
rmob−rhys

)m if rhys < rk < rmob hysteretic domain

1 if rmob < rk < 1 mobilized domain

Finally, Λ̇ is the plastic multiplier.
The deviatoric mechanisms are subjected to a non-associated flow rule

based on a Roscoe dilatancy rule Roscoe et al. (1958)

D
p
k = Λ̇ ·

1

2
· [
sk

qk
+ (sinψ −

qk
pk

)Ik] (30)
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where ψ is the characteristic angle associated with a zero volume variation
and divides the stress plane in contractive and dilative behaviour (first phase
transformation / characteristic line). Data shows that usually φ = ψ and
that relative density does not influence either of the two lines Lade and
Ibsen (1997).

Figure 5 shows the graphical representation of the phase transformation
and instability lines. The instability line is defined as the line in stress space
where the plastic strain increment vector is perfectly vertical and indicates
a point where sand may become unstable Hill (1958). For the revised ECP
constitutive model the definition of these lines is crucial.

Figure 5: Comparison of phase transformation and instability lines Lade and Ibsen (1997)

In the ECP constitutive model the position of the instability line is de-
pendent on a number of parameters. Figure 6 shows the influence of the
initial normal stress while Figure 7 shows the influence of parameter ”b” on
the position of the instability line for a certain initial normal stress in the
model for an undrained shear loading path.

The ECP multimechanism model also includes an isotropic mechanism
which is governed by the spheric part of the stresses and produces only vol-
umetric variations. The yield criterion of the forth mechanism, the isotropic
mechanism, is given by

f4 = fiso = |p′| − dpcriso (31)
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Figure 6: Influence of the initial normal stress on the position of the instability line

where

ṙiso = Λ̇
(1− riso)

2

c

pref
pc

(32)

The parameter ”d” represents the distance between the normal consolida-
tion line and the critical state line in the volumetric plane and the parameter
”c”, mirroring the parameter ”a” in the deviatoric hardening, controls the
isotropic hardening. It can be seen that as all four mechanisms ”share” the
volumetric strain variable they are coupled.

4.2. Revised ECP constitutive model

In order to consider the behaviour of soil when subjected to significant
shear strains the constitutive model has to take into account the main physi-
cal phenomena taking place under such conditions. As the laboratory testing
results show, special features must be introduced into the constitutive models
and numerous authors have proposed different constitutive models to tackle
this issue of which some were already presented in Section 3.

In this section a revised version of the ECP constitutive model valid to
represent the behaviour of soil under large strains where the second phase
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Figure 7: Influence of parameter b on the position of the instability line

transformation occurs is presented. The need for modifications in the con-
stitutive model will be better demonstrated with the model application at
the end of the article. Some could readily be observed in the results from RS
testing where the second phase transformation occurs.

From pile experimental results Yang et al. (2010) results it can be seen
that the soil specimens underwent extreme shearing as well as high com-
pression stresses in the vicinity of the moving pile which resulted in particle
damage and influenced the volumetric behaviour and stiffness of the specimen
White and Bolton (2004). The shearing processes are addressed considering
the results from RS tests. The isotropic compression mechanisms are not
addressed from isotropic compression tests. Instead, only ring shear tests
volumetric measurements are considered due to a lack of laboratory results
concerning sands for a trend to be identified. This is because most existing
results consider coarser granular materials. By not being addressed from
isotropic compression tests, it is meant that the behaviour of soil specimens
under isotropic compression (such as the models from Hu et al. (2011) and
Einav (2007) as well as laboratory studies such as Hagerty et al. (1993) and
McDowell et al. (1996)) was not considered in the formulation of the consti-
tutive structure Cecconi et al. (2002). However, a variation of the parameter
β is considered which influences the slope of the critical state line in the
volumetric plane which will be presented hereafter. Finally, the isotropic
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mechanism is not taken into account also due to the fact that the compres-
sion stresses are more relevant at providing the confinement of the soil at
the interface level than in being directly responsible for the particle breakage
observed. This can be verified by comparing the compression stress required
to produce particle breakage in an isotropic compression test Hagerty et al.
(1993) and the stresses found in pile experiments Jardine et al. (2013) with
the possible exception of carbonate sands White and Bolton (2002).

Finally, in this proposed model, no change is considered either to the
dilatancy rule nor to the slope of the critical state line in the stress space.
The critical friction angle in this model is considered to be constant, similarly
to that considered by Russell and Khalili (2004) and Gerolymos and Gazetas
(2007).

These assumptions are obviously related to the fact that not all the con-
ditions that affect particle damage are taken into account in the existing
constitutive models (a comprehensive list of these factors is presented by
Sadrekarimi and Olson (2010b)). The attempt to take all into account is not
pursued here. For this reason as well, the representation of the evolution of
gradation of the specimen is not attempted either.

The proposed formulation attempts to address the issue concerning grain
breakage and its effects on the mechanical behaviour, stress and strains, of
the soil specimens at the interface level. In order to accomplish this, two as-
pects must be considered: the choice of an internal variable able to reproduce
the observed response in laboratory testing (reversal of the stress and volu-
metric trends) and the triggering mechanism for the evolution of this variable.

As it is mentioned by Sadrekarimi and Olson (2010a), as well as con-
firmed by other laboratory ring shear tests, particle damage is concentrated
in the shear band while no particle damage is observed in the specimen out-
side the shear band and also that localization initiated before reaching peak
shear resistance since the material was still strain-hardening. This leads to
the conclusion that the particle breakage phenomena, in ring shear tests, is
intrinsically linked with the formation of a shear band due to strain local-
ization. Therefore, the search for the instability condition in geomechanics
is of the essence for the formulation of a valid triggering mechanism. The
shear band thickness evolution can be seen in Figure 8. The RS device used
by Sadrekarimi and Olson (2010a) imposes shearing at the bottom of the
specimen resulting in the formation of a shear band there as can be seen
from this figure.
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Figure 8: Shear band evolution in a RS test with shearing at the bottom of the specimen
Sadrekarimi and Olson (2010a)

The localized failure mode is characterized by a shear band formation
which represents a localization of strain Rice (1979). The first proposed in-
stability criterion for standard associated materials to be the failure criteria
which represents the state at which a limit value of stress is reached is con-
sidered and, therefore, unlimited deformation for a null variation in stress.
This criteria is known as the Drucker’s postulate Drucker (1959). However,
for non-associated materials this condition fails to detect instabilities which
occur before reaching the plastic limit condition (in geomechanics the best
example of this is the liquefaction phenomenon). The need for this analy-
sis leads to the second criterion presented by Hill (1958) which can predict
these failures which depend on the loading path as well as the initial state of
the material. This criterion is related to the sign of the second-order work
and allows a local follow-up of instabilities. This condition of stability con-
siders that a stress-strain state is considered ”stable” if for any incremental
stress and strain connected by the constitutive model the second-order work
is strictly positive

∀(dσ, dǫ), d2W = dσ · dǫ > 0 (33)

which can be written in a totally analogous way in the case of finite
deformation considering the Eulerian formulation

∀(σ▽,D), d2W = σ
▽ ·D > 0 (34)
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where D is the rate of deformation tensor (symmetric) and σ
▽ is an ob-

jective stress rate tensor.

In the case of an incrementally linear constitutive law, the positiveness
of the second-order work is a sufficient condition for the uniqueness of the
solution. However, when considering that the stress−strain relationship is
incrementally non-linear, as in the case of elastoplasticity or fully non-linear,
such as hypoplastic models, the proof is not trivial. Nevertheless, various
authors have proved the positive definiteness of the elastoplastic tensor, and
therefore the positivity of the second-order work is a sufficient condition for
the ”uniqueness of the solution” or ”no loss of the stability” of the boundary
problem Nova (1994). This result is true for a large class of constitutive
laws, including elastoplasticity, either with an associated, or non-associated
flow rule, or hypoplasticity Hamadi et al. (2008). Considering the present
constitutive structure, Hamadi et al. (2008) present a general overview of the
existing approaches in this domain and show the potential of the elastoplas-
tic ECP’s constitutive model to predict these failures in triaxial and biaxial
loading paths for drained and undrained conditions. Finally it can be shown
that bifurcation cannot occur prior to a negative second-order work as pro-
posed by Hill (1958). For associated materials Hill’s condition coincides with
the bifurcation. The Hill’s criterion is therefore a lower bound condition for
instability states.

Hill’s criterion will henceforth be taken as the triggering mechanism for
the evolution of the internal variable representing the grain breakage phe-
nomena in the constitutive model.

The internal variable to represent the mechanical behaviour of the soil
under extremely high shear strains is now presented.
The monotonic deviatoric yield surface of the ”k” plane is given by

f = qk − pk · sinφpp · rk · rbrk · (1− b · ln(
pk
pc
)) = 0 (35)

The proposed internal variable, rbrk , is a hardening parameter of the same
form as the shear hardening parameter rk and will evolve according to

ṙbrk = −Λ̇(abr · rbrk) (36)
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Figure 9: Evolution of rbrk

The variable rbrk will evolve from its initial value which is unity (=1)
and decrease asymptotically to zero with the increase of deviatoric plastic
strain. This progression was chosen for it works best in representing the
behaviour of the soil specimen as was observed from laboratory test results.
The key parameter for the evolution of this variable is the parameter abr.
The evolution for the parameter abr is here considered as

abr = abr0 − [(1− rbrk) · a
br
0 ]

mbr
a (37)

The parameter mbr
a allows the user an extra control over the rate of the

evolution of parameter abr to account for variability of different soil types
with respect to breakage. Both the magnitude and the evolution of the
breakage mechanism are ”controlled” by these parameters in the stress space
and, moreover, influence the volumetric plane indirectly. These parameters
represent, therefore, a general approach to simulate the various factors in
soils that influence breakage Sadrekarimi and Olson (2010b).

The evolution of these parameters is shown graphically in Figure 9 and
the influence of the internal variable rbrk on the yield surface can be seen in
Figure 10.

Figure 11 shows the magnitude and direction of plastic deformation in-
crements in the revised ECP model for an undrained shear test. The vectors
of plastic volumetric deformation reverse direction at both phase transfor-
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Figure 10: Yield function variation with the evolution of rbrk

mation points while the deviatoric plastic deformation vector never changes
direction.

Concerning the compressibility of the specimen, it was shown from results
in ring shear tests and from pile installation tests that the critical state
line in the volumetric plane for specimens subjected to particle damage was
not properly defined. In fact, Sadrekarimi and Olson (2011a) among others
showed the different CSL’s for ”uncrushed” and ”crushed” sands and how
they differed. One cannot fail to notice the different angle of the slope of
the CSL (results from Sadrekarimi and Olson (2011a) show 62% and 38%
variation in the angle for OT and IR sand, respectively) as well as its global
position. While its position has been somewhat addressed by the introduction
of the variable rbrk , its slope concerns the variable β in the ECP constitutive
model. To properly represent this phenomena the variable β is made to have
an evolution law related with plastic work W p which results in

β = β0
bWp

(bWp
+Wp)

(38)

where β0 is the initial value of β which represents the slope of the ”un-
crushed” CSL. The parameter ”bWp

” is given by the user and represents the
plastic work the soil has to undergo before significant change in the CS lo-
cus happens. The validity of this evolution relationship, however, cannot be
demonstrated due to lack of laboratory evidence to properly define its evo-
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Figure 11: Vectors of plastic deformation during loading representing the non-associated
flow rule for the revised model

lution since only the initial and final values of β are known.

The ECP constitutive model is therefore enhanced to better represent
the behaviour of sand specimens subjected to extreme shearing. This con-
stitutive model allows for the simulation of the second phase transformation
that has been observed in laboratory testing by some authors in large dis-
placement shear resistance tests and to accurately represent the stress-strain
relationship even at very high deformations. Also, the determination of a
critical state line at a different position in the volumetric space and depen-
dent on the stress path is possible considering this constitutive structure.
Without loss of generality, the proposed constitutive structure can be ap-
plied to interface models such as Aubry et al. (1990), D’Aguiar et al. (2009)
and D’Aguiar et al. (2011).

5. Validation and other applications

The tests modelled in this section consist of undrained (constant vol-
ume), a constant normal stiffness and a constant normal load tests. The
numerical model results of the undrained tests are compared to the labora-
tory test results in order to validate it both quantitatively and qualitatively.
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The constant normal stiffness test and its relevance to the soil-pile interface
behaviour is also discussed. The most relevant trends of soil behaviour dur-
ing a shear test performed to very large strains are shown to be represented
by the proposed constitutive relationship. Also, the response of the original
constitutive model is represented in order to show the influence of the new
internal variable on the behaviour.

According to the vertical boundary conditions RS tests can be divided in
three different types corresponding to a system represented by dσn = K

t
dun

where t is the thickness of the interface and K represents its stiffness:

Case I: Constant normal load test (CNL test) in which K = 0, dσn = 0,
dun 6= 0 (similar to ”drained conditions”),

Case II: Constant normal volume test (CV test) in which K = ∞, dσn 6=
0 , dun = 0 (similar to ”undrained conditions”),

Case III: Constant normal stiffness test (CNS test) in which K = cst, dσn
6= 0, dun 6= 0 .

In this section the performance of the model and the influence of the grain
crushing mechanism are studied by modeling ring shear tests as a boundary
value problem where a localized shear band is generated. On one hand, real
tests are simulated numerically and the obtained results are compared to
those measured during the experiment to validate qualitatively and quanti-
tatively the model. On the other hand, different boundary conditions, similar
to those encountered in the soil in different configurations are simulated to
study the effect of this mechanism on the shear stresses and therefore its
shear resistance.

We will first model the undrained RS tests (CV test) performed on Ot-
tawa (OT) and Illinois River (IR) sands by Sadrekarimi and Olson (2010b).
Unfortunately, their drained (CNL) tests cannot be used as some incoher-
ences are observed due to rotation of the lever arm. The simulated tests are
described in Table 1.

The model parameters identification has been the subject of several pa-
pers using different strategies such as constrained optimization procedure
Cekerevac et al. (2006) or the definition of correlations Hicher and Rahma
(1994). We have used the strategy developed at ECP (Lopez-Caballero et al.
(2003) Lopez-Caballero et al. (2007) Hicher (2011)) and already applied to
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several materials (D’Aguiar et al. (2011) Gomes (2013)). The presentation of
this strategy is out of the scope of this paper and we will recall only the im-
portant points. The model parameters can be classified differently depending
on ones objective. As the model is a plastic one, a preliminary classification
of evident parameters is:

• Elasticity parameters K, G, ne, pref

• Plasticity and critical state parameters φpp, β, b, d

• Hardening parameters

Shear mobilization a1, a2, m

Volumetric strain ψ, aψ, c1, c2

Breakage parameters abr, mbr
a , bWp

• Initial state parameter pc0

Among the above parameters there are those which are directly measured
from the quantitative analysis of observed results, such as parameters of
elasticity and perfect plasticity. There are also the parameters which are not
directly measurable and which must be obtained through calibration. For
the breakage mechanism only parameters which cannot be directly measured
are introduced in the model and therefore should be identified by calibration.
Given the nonlinear character of the model and the high number of parame-
ters, there is a risk not to obtain a single set of parameters after calibration,
especially if only one type of stress path is considered. Using correlations
and understanding the physical model and its parameters is the only way
to ensure proper calibration. To do this, we must add that the mechanisms
are directly related to the loading path experienced by the soil. In practice,
different types of tests are performed in the laboratory to characterize soils.
They concern essentially triaxial compression or extension or shear tests un-
der drained or undrained conditions. Resonant column tests are performed
for geotechnical earthquake engineering applications where small strains pre-
vail. For the application in which the present model is developed, drained
or undrained triaxial and shear tests can be used to calibrate most of the
parameters. However, some large strain shear tests are necessary for the cal-
ibration of the breakage mechanism parameters. The model parameters are
summarized in the Appendix B of the paper.
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Laboratory tests (Undrained RS tests) Void ratios
Sand Effective consolidation stress [kPa] Relative Density [%] emin emax

OT sand 217 26
OT sand 279 24 0.391 0.679
OT sand 29 23
IR sand 646 28
IR sand 541 29 0.464 0.757
IR sand 553 35

Table 1: Laboratory tests details from Sadrekarimi and Olson (2011a)

The geometrical and mechanical configuration of the hollow cylinder shear
test simulated numerically is given in Figure 12. Assuming no radial soil
displacement due to rigid lateral rings a double (radial and angular) plane
strain simple shear condition is obtained. Moreover, one should not forget
the radial non-uniformity of the stresses and shear strain which is however
reduced due to the radial thickness of the apparatus (the ratio of outer to
inner ring diameter is 1.33, resulting in an error of less than 2% at the peak
shear stress due to strain nonuniformity Sadrekarimi and Olson (2010a)).
Though, a precise analysis of the test results implies a 3D model, thanks to
the double plane strain assumption, the resultant vertical load and torque
can be computed as the sum of the resultant forces and moments on a series
of radial slices in which the normal and shear stresses can be considered
constant.

The enhanced model was implemented in the GEFDyn finite element
code and the boundary value problem considering a radial slice of one radian
was modeled. As no specific method of regularization is used to circumvent
the mesh dependence when shear strain localizes, the size of the elements
is chosen to be equal to the shear band thickness observed in the specimen
during the laboratory testing. The height of the shear band must, therefore,
be considered as a known parameter.

The results are analyzed at different heights presented in the Figure as
zi. The mesh cannot deform in the vertical direction due to the boundary
conditions imposed to replicate the no-volume-change condition of the tests.
An imposed displacement (shear in the θ axis) is applied on the bottom
element of the mesh which will result in the localization of deformation in
that element. This is consistent with the laboratory results. The shear band
is always located where shear is imposed Sadrekarimi and Olson (2011a).

29



Figure 12: RS test device Sadrekarimi and Olson (2010a) and the finite element mesh for
the numerical simulation

The model is axisymmetric and, therefore, the cylindrical coordinate sys-
tem (r, θ, z) is considered. The velocity vector and rate of deformation tensor
can therefore be defined for this problem as such:

v = vθ(z) r eθ + vz(z) ez (39)

D = r
∂vθ
∂z

eθ ⊗ ez +
1

2

∂vz
∂z

ez ⊗ ez (40)

• Discussion and Results

The results from the RS tests are analyzed considering two different final
strain levels at the shear band. In terms of volumetric variation the results are
validated considering the two critical state lines, ”crushed and uncrushed”, at
very high shear strains (see Sadrekarimi and Olson (2011a)). The measure-
ments in the stress space and shear strains to stress are analyzed considering
lower ranges of strain (in the order of 20 cm of displacement at the bottom).
This simulation (Figures 13 and 14) shows the ability of the proposed consti-
tutive model to replicate both the ”critical state line” at usual shear strain
levels known in geotechnical testing and at an extreme shear strain value
where the breakage mechanism has a predominant role. These results imply
that the critical state (deformation at constant volume) is much further away
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Figure 13: σ′

n - e (void ratio) with critical state lines from Sadrekarimi and Olson (2011a)
for Ottawa sand

in terms of strain than the model predicts. This formulation allows for the
capture of the observed behaviour of the soil specimen at high shear strains.
The change in the slope of the critical state line from the ”uncrushed” to the
”crushed” state is also taken into account by means of the evolution in the
parameter β.

Note that the proposed model is indeed capable of reproducing the stress-
strain relation at very high strains which follows and inversed hyperbola-
shaped curve. Figure 15 shows the evolution of normal and shear stresses
during an undrained RS test of IR sand for a vertical stress of 334 kPa with
tangential displacement represented in a logarithmic scale.

The stress planes are now analyzed with results from undrained RS tests
on Ottawa sand. Figures 16 and 17 show the evolution of stresses and plastic
volumetric variation (at different heights of the mesh) during the simulated
undrained shear test. Note that J̇p is the plastic variation of the Jacobian
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where J = detF. Three lines are present in the Figures which correspond to
the laboratory results found by Sadrekarimi and Olson (2010b) the results
from the original model and those of the proposed model. When considering
an undrained RS test, the variation of the normal stress is ”controlled” by the
elastic volumetric deformation of the specimen which will in turn determine
the increase or decrease of the effective normal stress. The plastic volumetric
variation of the specimen can be seen in Figure 17. This Figure clearly shows
that the proposed constitutive formulation successfully reproduces the second
phase transformation point in the shear band when the behaviour switches,
from dilation to contraction, that was observed in laboratory tests while the
original formulation does not. Note that despite continuity of stresses there
is discontinuity of strains in the specimen as a result of localization. The
different volumetric behaviours found are consistent with the laboratory data
where the second phase transformation is only seen in the shear band where
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Figure 15: Illinois River sand : uT - σ′

n and uT - τ

particle breakage is found to occur. The discontinuity in displacements can be
seen also in Figure 18 where the tangential and normal displacements for each
section of the specimen are shown (the shear band is left out due to reasons
of scale). Note that once localization occurs no tangential displacement is
observed since shear strains are only developing at the shear band just as
the experimental data show. The dilation at these levels is a result of the
constant volume condition of the test imposed by the boundary conditions
since the shear band is contracting.

The second phase transformation can be seen also clearly in the stress
plane in Figure 16. Sadrekarimi and Olson (2010a) describes this as com-
peting shearing mechanisms which are found to be at play: dilation and
particle damage (contractive behaviour) usually starting with dilation in a
more important role leading to a shear resistance increase until the second
phase transformation and finally ending with net contraction due to parti-
cle damage and decrease in shear resistance until reaching the critical state.
Laboratory tests show that once in the stress space, the loading path reaches
the critical state line (CSL) the ratio between the shear and normal stress
does not change, thus, the stress path does not deviate from the CSL. The
proposed constitutive relation is accurate in simulating this behaviour. Sim-
ilar trends are found for Illinois River (IR) sand in undrained shear and the
results are presented in the Appendix C of this paper.
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Figure 16: Ottawa sand : σ′

n - τ and uT - τ

In the Figures presented above the captions show ut and not the shear
strain as it is usually the norm in presenting these curves. This is due to the
fact that the definition of strain in finite deformation is not straightforward
and the sum of the increments of the tensor D has no direct physical meaning
as total strain.

Finally, note that the criteria for the activation of the evolution of the
breakage parameter is verified in the stress paths for both sands. However,
results from other RS tests and for tests with different stress paths have
been found to show particle breakage (results from Okada et al. (2005) are
an example of that). To consider the triggering mechanism proposed herein
would be erroneous to simulate those findings. The need and choice of the
triggering mechanism is brought into question. A possible solution is to con-
sider the mechanism active from the start of loading (as the constitutive
models presented by Cecconi et al. (2002), Salim and Indraratna (2004) and
Hu et al. (2011), among others) meaning that an evolution of the gradation
curve exists even at relatively small strains.

The constant volume condition is the equivalent of considering an infinite
constant normal stiffness (CNS) condition. This is not, however, the case at
the soil-pile interface but can be encountered during landslides in saturated
soil. In that case the normal stress represents the effective normal stress and
its variation is equivalent to the pore water pressure. The stiffness imposed
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Figure 17: Ottawa sand : uT - σ′

n and uT - J̇p

by the soil at the interface of the pile is finite (albeit very high) and the results
will differ due to this. A RS test with a CNS condition might, therefore, be
a better representation of the loads applied to the soil at the pile interface
level. The CNS condition is achieved in finite element modelling by placing
an elastic element with a given stiffness on the bottom of the model. The
stiffness considered is of 2.96 MPa (bulk modulus) and the constitutive model
of the specimen is that of OT sand. The constant normal load boundary
condition (CNL) is also here considered in order to define both limit boundary
conditions for a simple shear test - constant volume and constant normal load.
The CNL test consists of shearing without any displacement condition at the
bottom of the specimen while maintaining a constant normal load. The
results for the three test types are presented here and the results compared.

The stress and strain paths shown are typical of a shearing test for each
respective boundary condition (Figures 19 and 20). Note that the critical
state line in stress space is verified by all tests and that the second phase
transformation is found to occur at the same level of tangential displacement
as well. However, in terms of stress the second phase transformations occurs
at different intervals as a result of the different boundary conditions. In the
CNS and CNL cases, because dilation is not restricted by a rigid boundary
condition, it allows for higher volumetric expansion of the specimen (Fig-
ure 20). Also, the evolution of crushing is shown to vary in magnitude for
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Figure 18: ut - un

each test. The degradation of the specimen, represented by the plastic volu-
metric variation, has a higher gradient in relation to the imposed tangential
displacement for both the CNS and CNL tests than at the constant volume
test. Not only the gradient but also the total contraction of plastic volu-
metric deformation is found to be higher in the CNL and CNS cases than
the constant volume case. Similar results were found in laboratory testing
(Okada et al. (2005) and Sadrekarimi and Olson (2010b)) when comparing
undrained and drained tests. It was found that there was considerably more
contractive volume change in drained tests than in undrained tests due to
grain breakage. This trend is also observed in the simulation performed here.
Since the CNS condition is an intermediate case between perfectly drained
and undrained conditions it is only logical that more crushing is found in
CNS test than constant volume tests.
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Figure 19: Ottawa sand : σ′

n - τ and uT - τ
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n and uT - J̇p
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6. Conclusions

This work focused on modelling the behaviour of granular cohesionless
soil subjected to large shear strains. First, the finite deformations that occur
when considering large transformations in solid mechanics are addressed by
adopting the solution proposed by Xiao et al. (1997). The adoption of the
logarithmic rate in the constitutive equations allows the resolution of the
common issues present with finite deformation calculations. As long as the
behaviour of the soil is concerned, laboratory test results show similarities
between ring shear tests and the soil behaviour at the soil-pile interface Yang
et al. (2010) or at a slope slip-surface Gerolymos and Gazetas (2007) during
shearing. In the case of piles this is specially verified during installation (dis-
placement piles) where the neighbouring material is subjected to extremely
high shear strains. Grain breakage is shown to be present in both cases with
similar effects on shear mobilization controlled by volumetric behaviour.

Then, a revised version of a constitutive model is proposed to address
the physical phenomena which take place at high shear strains. The critical
state concept and dilatancy rule have been conserved. However, thanks to
the modification of the yield function and the introduction of an additional
internal variable which characterizes the irreversibility due to grain crushing,
the second transformation phase is obtained resulting in the modification of
the critical state line in the void ratio-stress plane. The proposed internal
variable and its evolution rule, as well as the triggering mechanism based on
the detection of the beginning of instability, when integrated in an existing
constitutive model, from the ECP elastoplastic constitutive models family,
are shown to be successful in simulating the stress-strain relationship in ring
shear tests. Constant volume, constant normal load and constant normal
stiffness conditions were applied to highlight the capability of the model to
capture interface non-linear behaviour for different stress paths. The mech-
anism introduced to the model can without lack of generality be applied to
the other ECP elastoplastic constitutive models family based on the same
theoretical and physical principles.
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Appendix A. Basic Motion Notions

For a deformable body considering purely mechanical behaviour let X

and x be the reference and the current position vector of a material particle,
respectively.

• Deformation gradient tensor

F =
∂

∂X
(x), J = detF > 0 (A.1)

which can be decomposed recalling the polar decomposition theorem

F = R ·U = V ·R (A.2)
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where U and V are symmetric, positive definite tensors whose principal val-
ues are the stretch ratios of the deformation, right and left respectively, and
R is an orthogonal tensor called the local rotation tensor.

• Particle velocity

v = ẋ =
∂

∂t
(x) (A.3)

• Velocity gradient tensor

L =
∂

∂x
(v) =

∂

∂X
(v) ·

∂

∂x
(X) = Ḟ · F−1 = −F · Ḟ

−1
(A.4)

L = D+W (A.5)

D =
1

2
(L+ LT ) (A.6)

W =
1

2
(L− LT ) (A.7)

These variables represent the decomposition of L where D is the rate of
deformation tensor (symmetric) and W is the spin or vorticity tensor (skew
symmetric). D and W can be written in terms of F

D =
1

2
·R(U̇ ·U−1 +U−1 · U̇ ) ·RT (A.8)

W =
1

2
·R(U̇ ·U−1 −U−1 · U̇ ) ·RT + Ṙ ·RT (A.9)

or, similarly, by considering the left polar decomposition

D =
1

2
(V̇ ·V−1 +V−1 · V̇ +V · Ṙ ·RT ·V−1 −V−1

Ṙ ·RT ·V) (A.10)

W =
1

2
(V̇ ·V−1 −V−1 · V̇ +V · Ṙ ·RT ·V−1 +V−1

Ṙ ·RT ·V) (A.11)
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Appendix B. Model Parameters
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Model parameters
Sand type Ottawa sand Illinois River sand
Elasticity
Kref (MPa) 296.0 296.0
Gref (MPa) 222.0 222.0
ne 0.40 0.40
pref (MPa) 1.0 1.0

Critical State and Plasticity
φ′
pp(

◦) 33 34
β 52 45
d 2.00 2.00
b 0.22 0.25
pco(MPa) 0.45 0.40

Flow Rule and Isotropic Hardening
ψ(◦) 33 34
αψ 1.00 1.00
a1 0.0001 0.0001
a2 0.0100 0.0150
c1 0.0600 0.0600
c2 0.0300 0.0300
m 1.00 1.00

Threshold Domains
rela 0.005 0.005
rhys 0.030 0.030
rmob 0.800 0.800
relaiso 0.0001 0.0001

Breakage parameters
abr 0.01 0.006
mbr
a 0.89 0.88

bWp
(MPa) 80 120

Table B.2: ECP model’s parameters for Ottawa and Illinois River sand
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Appendix C. Illinois River sand results
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Figure C.21: Illinois River sand : σ′

n - τ and uT - τ
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Figure C.22: Illinois River sand : uT - σ′

n and uT - J̇p
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