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Abstract: The paper proposes an adaptive variable synthetic inertia strategy to provide
frequency and voltage support (ancillary services) in an AC MicroGrid (weak grid) composed
of diesel generators and loads. A DC MicroGrid is connected to the AC one by a Voltage Source
Converter (VSC). The VSC converter is driven as a Virtual Synchronous Machine (VSM),
where the control strategy follows a swing equation such the converter emulates a synchronous
machine, including inertial support. A rigorous stability analysis is developed based on Lyapunov
technique assuring proper stability conditions for an adaptive inertia designated, such that,
frequency stability is improved and power oscillations are reduced. This strategy can be exploited
in low inertia systems like MicroGrids or grids with high penetration of renewables. Simulation
results illustrate the performance of the proposed control and the system’s operation, where a
comparison with droop control is presented.
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1. INTRODUCTION

Electric power networks are currently going through a
large transformation. Historically, they were based on
synchronous machines rotating in synchronism, with the
grid frequency, and providing natural inertia in response
to disturbances or simply changes on operating conditions.
This classical scheme is less and less true, because of the
large penetration of power electronic devices, the power
converters. These are inherent to the interconnection of
renewable energy sources and storage units, but also by
the High Voltage Direct Current (HVDC) lines that are
being built to reinforce current transmission systems. For
this reason inertia is reducing fast, and in some situations
grids can be mostly composed of power converters (Tielens
and Van Hertem, 2016; Winter et al., 2014; Milano et al.,
2018). This situation is a change of paradigm from the
classic electric grid, and power systems practitioners are
struggling to keep the grid running. A recent example of
such situation is the 9 august 2019 black-out in the United
Kingdom (National grid ESO , 2019) where the main cause
was the reduction of inertia, and its effect in several power
converters interconnecting distributed generation.

An interesting possibility for solving these problems, is
represented by the concept of synchronverters (Zhong and
Weiss, 2010). These are composed by power converters
that mimic synchronous machines, called in the paper

Virtual Synchronous Machine (VSM) 1 . In this way, it
is much easier to integrate such systems to the power
network, providing a framework that practitioners are
well acquainted (D’Arco et al., 2015b; Tamrakar et al.,
2017). These synchronverters have raised much interest in
recent years, illustrated by the keynote talk Synchronized
and Democratized Smart Grids to Underpin the Third
Industrial Revolution from Qing-Chang Zhong on the
IFAC World Congress 2017.

Many studies have been carried out concerning the appli-
cation of virtual inertia in power converters, such as inte-
gration of distribution generation (D’Arco et al., 2015b),
improvements in MicroGrids (Shi et al., 2018) and isolated
power systems (D’Arco et al., 2015a). In (Liu et al., 2015),
a comparison on the dynamics between virtual inertia and
droop control strategy is done, pointing out the similarities
and the advantages of each control strategy, as well as
the relevance of inertia properties. As the next step, new
propositions on virtual inertia emerged, for example, in
(Alipoor et al., 2014), the parameters of VSM can be con-
trolled, and then, VSM with alternating moment of inertia
is developed. The damping effect of the alternating inertia
scheme is investigated by transient energy analysis. In
(Hou et al., 2019), an adaptive virtual inertia is proposed

1 Note that VSM is said as the Voltage Source Converter operating
as a synchronous machine.



to improve dynamic frequency regulation of MicroGrid,
where the control strategy match the advantages of large
inertia and small inertia properties during transients.

The present work is dedicated to these systems, but now
acknowledging that if they act as synchronous machine,
they are not limited to this behaviour, and can provide ex-
tended support than a physical machine does. In this way,
it was studied the contribution that Virtual Synchronous
Machines may bring to the overall inertia of a power grid,
and how they can provide ancillary services, in particular
frequency support and synthetic inertia. This approach,
in large part inspired by adaptive control, assures through
a Lyapunov function, asymptotic stability of the overall
system. Simulation results illustrate the great contribution
such Variable Synthetic Inertia can bring to a low inertia
system. In particular, this approach can contribute to solve
the problems brought by renewable sources in modern
power systems, and allow much larger penetration of such
intermittent energies.

2. ELECTRICAL MODEL

The electrical model in this work has been addressed in two
parts: The MicroGrid and the virtual synchronous machine
model.

2.1 MicroGrid model

The paper proposes a Virtual Synchronous Machine
(VSM) using an adaptive virtual inertia approach to im-
prove frequency stability and reduce power oscillations in
the grid. The variable inertia scheme is incorporated in a
VSC converter connected to an AC MicroGrid composed
by a diesel generator and loads. The DC side of the grid
is formed by a DC MicroGrid able to provide energy
(ancillary services) to the AC side of the grid. The DC
part will be not detailed here (see (Perez et al., 2019)),
being summarized as a voltage VDC where its dynamics
are not considered. In Fig. 1 is presented the electrical
model of the system.

The VSC converter has a LC filter, represented by Lc and
Cc, connected to the Point of Common Coupling (PCC)
with the AC MicroGrid. The line impedance is represented
by Ll and the active losses are given by Rl. The state space
model of the system can be written as:

İc,d = −Rc
Lc
Ic,d + ωgIc,q +

1

2Lc
VDCmd −

Vc,d
Lc

(1)

İc,q = −Rc
Lc
Ic,q − ωgIc,d +

1

2Lc
VDCmq −

Vc,q
Lc

(2)

V̇c,d =
Ic,d
Cc
− Il,d
Cc

+ ωgVc,q (3)

V̇c,q =
Ic,q
Cc
− Il,q
Cc
− ωgVc,d (4)

İl,d = −Rl
Ll
Il,d + ωgIl,q +

Vc,d
Ll
− Vl,d

Ll
(5)

İl,q = −Rl
Ll
Il,q − ωgIl,d +

Vc,q
Ll
− Vl,q

Ll
(6)

From Park transformation we have: Vc,(dq) the voltage
on the LC filter capacitor Cc, Ic,(dq) the current on the
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Fig. 1. Virtual Synchronous Machine connected to a AC
MicroGrid based on diesel generation.

LC filter inductor Lc. Il,(dq) the line current, Vl is the
voltage on the diesel generator, and Pload and Qload are the
active and reactive power of the load in the AC MicroGrid
respectively. The angular speed is given by ωg, where
ωg = 2πfg. The DC/AC converter modulation indexes are
md and mq.

2.2 Virtual synchronous machine model

A VSM can act to provide transient power sharing and
primary control frequency support independently, using
only local measurements. VSM can also be implemented
with no need of Phase-locked Loop (PLL), being used
just for sensing the grid frequency or during initial ma-
chine starting 2 . As result, VSM are conceptually simple
thanks to intuitive interpretation as synchronous machines
responses (D’Arco et al., 2015a; Tamrakar et al., 2017).

To develop a VSM it is necessary to implement the swing
equation of a Synchronous Machine in the VSC control
structure as detailed in (Zhong and Weiss, 2010). In
the following, is presented a general swing equation of
a synchronous machine applied for VSM implementation,
where the inertia acceleration is represented by the power
balance and a damping factor:

˙̃ω =
1

H
[Pref − P −Dp(ωvsm − ωg)] (7)

with ω̃ = ωvsm − ωg being the frequency deviation, ωvsm
the VSM’s frequency, H the virtual inertia coefficient and
Dp the damping factor. Pref is the active power droop
reference and P is the measured power into the AC grid.

The inertia coefficient is defined in (Kundur et al., 1994):

H =
Snom
2Jω2

o

(8)

where Snom is the nominal apparent power of the VSC
converter, ωo is nominal grid value and J is the emulated
moment of inertia. In (8), it is evident the inverse ratio
between moment of inertia and its time constant. H unit
is given is seconds, therefore, the larger the inertia coeffi-
cient becomes, the lower the frequency deviation and the
longer accommodation time, and vice-versa, the smaller
the inertia coefficient becomes, the higher the frequency
deviation and the shorter accommodation time. This idea
is going to be used for variable inertia formulation.

3. PROPOSED CONTROL STRATEGY

This section provides the control strategy to implement
the virtual synchronous machine on the MicroGrid’s VSC
2 The swing equation of VSM allows interactions with the grid
frequency, influencing its behavior.



and the application of variable virtual inertia to provide
ancillary services.

The power reference is calculated by an active power-
frequency droop strategy, included in the swing equation
(7), relating active power with angular speed deviation as
follows:

Pref = P ∗ −Kω[ωvsm − ω∗] (9)

where P ∗ is the desired active power to be injected/
absorbed into the grid. Kω is the P −f droop gain and ω∗

is the angular speed reference, i.e. ω∗ = ωo. In this case,
the angular speed ωvsm computed in (7) can be integrated
to obtain VSM phase angle δvsm =

∫
ωvsmdt.

Voltage reference is also calculated by a reactive power-
voltage droop strategy, where the voltage is controlled
at the PCC (LC filter voltage on capacitor Cc). From
synchronous reference frame, voltage Vc,d reefers to the
voltage module, and then to regulate the voltage ampli-
tude, the following droop equation is presented:

Vc,dref = V ∗c,d −Kq[Q−Q∗] (10)

V ∗c,d is the desired voltage amplitude and Q∗ is the desired

reactive power injected/absorbed into the grid, with Kq

being the droop gain for reactive power. The converter
voltage Vc,d is controlled to reach Vc,dref using a PI

controller, and the PLL is used to measure the frequency
of the grid ωg, therefore we can consider Vc,q = 0.

Equations (9) and (10) are known as the droop reference
for respectively the Active Power and Voltage, and repre-
sent primary ancillary services. They are seen as a higher
level control for the overall power grid.

According to control target, frequency (ωvsm) and volt-
age (Vc,d) are chosen as the control output. Modulation
indexes (md and mq) provide the reference to generate
the PWM signals, where md and mq is transformed into
phasor signal with amplitude m and phase θ, chosen as
the control inputs. The phase angle is given by δvsm from
the swing equation in (7) and voltage reference Vc,dref is

given by the droop strategy in (10):

1

2
mVdc 6 θ = Vc,dref

6 δvsm (11)

The signal obtained in (11) is the reference signal for the
PMW modulation, making possible to emulate inertia in
the VSC converter (Zhong and Weiss, 2010).

3.1 Variable inertia formulation

To propose the inertia variation, we rewrite the swing
equation of a synchronous machine, noting that δ̇ =
ωvsm − ωg. Equation (7) is rewritten as follows:

Hδ̈ = Pref − Pmaxsin(δ)−Dpδ̇ (12)

where δ = δvsm− δg is the power angle difference between
the diesel generator and the VSC, Pmaxsin(δ) is the
maximum available power 3 . Defining ω̃ = ωvsm−ωg, then,
multiplying last equation by ω̃, we may obtain:
3 The maximum available power is the nominal power of the VSC
or the diesel generator, depending on the power angle δ.

Hω̃ ˙̃ω − Pref ω̃ + Pmaxω̃sinδ +Dpω̃
2 = 0 (13)

The energy of the system from a equilibrium point (δ =
δ̄; ¯̃ω = 0) can be calculated by integrating equation above
as:

H

∫ ω̃

0

ω̃dω − Pref
∫ δ

δ̄

dδ + Pmax

∫ δ

δ̄

sin(δ)dδ = C (14)

with C being a constant of integration. The dissipated
energy (damping term) is not considered, obtaining then
this well known Lyapunov candidate in (15), considering
just potential (Ep) and kinetic (Ek) energy introduced in
(Machowski et al., 2011).

V =
1

2
Hω̃2 − Pref (δ − δ̄)− Pmax(cosδ − cosδ̄) (15)

The time-derivative of the Lyapunov candidate following
the energy function (Kundur et al., 1994):

V̇ =
∂Ek
∂ω̃

dω̃

dt
+
∂Ep
∂δ

dδ

dt
(16)

Therefore, considering the inertia coefficient H as time
varying, the time-derivative of the Lyapunov candidate
can be computed as:

V̇ =
1

2
ω̃2 dH

dt
+Hω̃ ˙̃ω − Pref δ̇ + Pmaxsin(δ)δ̇ (17)

We can now state a time varying variable for the inertia co-
efficient, such that, stability can be proved. The proposed
variable inertia coefficient is written as:

H ≈Ho +KM ω̃ ˙̃ω

H
4
=Ho +KM ω̃

1

H0
[Pref − Pmaxsin(δ)−Dpω̃] (18)

where Ho is a constant inertia coefficient, kept in steady-
state and KM is interpreted as a positive gain. The inertia
coefficient is saturated such as to have Hmin ≤ H ≤
Hmax for suitable constants Hmin and Hmax to assure the
desired behavior of the electric grid. The angular speed
deviation (ω̃) and its derivative ( ˙̃ω) play a important role
to change significantly the inertia value during transients.
The variable inertia coefficient proposed in (18) is replaced
in the swing equation in (7). Therefore, a improved inertial
support can be implemented in the VSC converter of the
MicroGrid (Hou et al., 2019).

To explain the action of the proposed variable inertia
coefficient, we may summarize:

(1) When ω̃ > 0 and ˙̃ω > 0 or ω̃ < 0 and ˙̃ω < 0, the
machine is in accelerating process, which means that
angular speed is deviating from its original value.
Therefore, the inertia should increase to minimize
frequency deviation (inertial support).

(2) When ω̃ < 0 and ˙̃ω > 0 or ω̃ > 0 and ˙̃ω < 0, the
machine is in decelerating process, which means that
angular speed is returning to its steady-state value.
Therefore, the inertia should decrease to allow fast
return to new equilibrium point.

In this way, it is possible to damp frequency and power
oscillation more efficiently than keeping constant inertia.



3.2 Stability analysis

The time-derivative of the proposed Lyapunov function in
(15) is finally obtained working on equation (17):

V̇ =
1

2
Ḣω̃2 −Dpω̃

2 (19)

So, taking the inertia definition (18), it’s derivative is:

H =Ho +KM ω̃
1

H0
(Pref − Pmaxsin(δ)−Dpω̃)

Ḣ =
KM

HH0
(Pref − Pmaxsin(δ)−Dpω̃)2 +

−KM

H0
Pmaxcos(δ)ω̃

2 +
KMD

2
p

HH0
ω̃2 +

−KMDp

HH0
ω̃(Pref − Pmaxsin(δ))

It is easy to see that inside a given operation region ‖ω̃‖ ≤
ω̃max, ‖(δ− δ̄)‖ ≤ δ̃max, for KM properly chosen such that
dH/dt is smaller than 2Dp, one obtains a negative semi-

definite function (ω̃max, δ̃max and C1 suitable constants):

V̇ = −C1ω̃
2 (20)

Indeed, for KM smaller than a limit value: dH/dt < 2Dp+
C1, where KM can be of several thousands of unities for
typical values. Equation (20) together with (15) assure
boundedness of all states. From this, calling upon La
Salle’s theorem, we may now conclude that the system
is asymptotically stable toward its equilibrium point.

4. SIMULATION RESULTS

The proposed model was built on Matlab/Simulink using
SimPowerSystems toolbox. The converter that interfaces a
DC MicroGrid (not presented in this paper) is connected
to an AC one composed of a diesel generator and loads
as depicted in Fig. 1. The diesel generator in the AC
MicroGrid have a Governor 4 (speed control) to control
the frequency and active power and an AVR 5 (Automatic
Voltage Regulator) to control voltage and reactive power.
The virtual synchronous machine and the AC grid pa-
rameters are presented in Table 1. The nominal frequency
of the grid is fn = 50Hz and the nominal power of the
diesel generator is Sdiesel = 2MVA with Vl = 400V rms
nominal voltage, 2 pairs of poles and inertia coefficient of
Hdiesel = 3s. The Q− V droop coefficient is Kq = 0.3.

Table 1. MicroGrid parameters

VSC Snom = 1MVA fs = 20kHz V̂c,nom = 400V

LC Filter Rc = 20mΩ Lc = 0.25mH Cc = 150µF

VSM Kw = 20 Dp = 50 Ho = 2s

AC grid Rl = 0.1Ω Ll = 0.01mH Vl,nom = 400V

Here, the virtual synchronous machine have a nominal
power of Svsm = 1MVA and same nominal rms voltage
on the grid Vvsm = 400V , where this values are the
base for per unit transformation. The load profile is
4 Regulator gain K = 150 and time constant Treg = 0.1s; actuator
time constant Tact = 0.25s and engine time delay Td = 0.024s.
5 Voltage regulator gain Kva = 400, time constant Tva = 0.02s and
low pass filter time constant Tr = 0.02s.

Fig. 2. AC load profile in the MicroGrid.

Fig. 3. The active power P from VSM into the AC grid
and its desired power dispatch P ∗.

Fig. 4. The reactive power Q from VSM into the AC grid
and its desired power dispatch Q∗.

depicted in Fig. 2, where the active and reactive power
variation is shown. Large load variations were considered
in simulations, up to 50% of the total load, to analyze
the virtual inertia response under large disturbances. The
maximum power consumption is Pmax = 2.3MW and
Qmax = 0.25MVAr.

The virtual synchronous machine is controlled to dispatch
active power to assist the diesel generator on the power
supply. Fig. 3 presents desired power P ∗ to be injected
into the MicroGrid by the VSM and measured active power
P . In Fig. 4 is presented the reactive power injected into
the grid according to the desired voltage and reactive
power profile. The control of voltage and reactive power is
made by the droop control presented in (10). The reactive
power behavior does not go exactly to the desired reactive
power profile (Q∗), since the voltage have to be also
controlled in the desired level (V ∗c ). Then, reactive power
supply changes to attain the voltage in the desired level as
depicted in Fig 5.

The voltage profile on point of common coupling (after LC
filter) is depicted in Fig. 5. The voltage is well controlled
by the droop control in the desired value, even with some
transient and steady-state deviations. They are because of
the coupling between active power and voltage, since in
this MicroGrid we have low X/L relation, which means
that the grid is resistive (usual in isolated systems).

Once the active power was properly regulated by the VSM
as shown in Fig. 3, the frequency of the grid should be
controlled, such that system stability is attained. It means
balance the injected power by the generator with the
load demanded power. But, in this case, we have a low



Fig. 5. Vc voltage profile on the PCC.

Fig. 6. Grid frequency ωg with the angular speed on the
VSM (ωvsm) and frequency reference ω∗.

Fig. 7. Inertia coefficient behavior varying during fre-
quency transients.

inertia system represented by the diesel generator, where
the stability can be compromised by a large load change.
Therefore, the VSM is used to assure frequency stability in
the AC MicroGrid, by using a virtual inertia. Moreover,
a variable inertia is proposed here to improve frequency
stability and provide inertial support.

Fig. 6 depicts the behavior of the grid frequency ωg, with
the angular speed ωvsm produced by the VSM and the
angular speed reference (ω∗ = 1 p.u.). The transient
variations outcome from load variations (in 4, 12, 23 and
31 seconds of simulation time) and active power reference
changes (in 7, 16 and 27 seconds). As expected, the bigger
the power change, the larger the frequency excursion.

The variable inertia calculated in (18), is then applied in
the VSM control law. Again, the main idea is to have an
inertia coefficient H that varies according to frequency
deviation ω̃ and angular acceleration ˙̃ω. Therefore, when
VSM is accelerating, the inertia increases to minimize
frequency deviation and when VSM is decelerating, the
inertia decreases to speed-up reaching steady-state. The
behavior of the variable inertia coefficient can be seen
in Fig. 7. The transient behavior of the inertia is a
consequence of ˙̃ω and ω̃ as shown in Fig. 8, where the
zoom presents the largest transients in these variables.

4.1 Comparison with droop control

To perform a complete analysis of the proposed control
strategy, a comparison with well know techniques is re-
quired. Droop control strategy is widely used in Micro-
Grids to share load demand among generators to balance
the power and to assure frequency and voltage stability.

Fig. 8. Zoom in frequency deviation ω̃ and in angular
acceleration ˙̃ω during the largest transients.

Fig. 9. Frequency of the grid considering different control
approaches.

Therefore, a comparison between virtual inertia strategy
and droop control is developed here.

The droop control is developed as follows:

Pdroop = P ∗ −Kp(ωg − ω∗) (21)

where Pdroop is the resultant power reference in this
strategy and Kp is the droop coefficient that relates active
power with frequency variation. The coefficient is chosen
as Kp = 5 according to the limits of power and frequency.

To realize the comparison, the traditional Id,q control is
also developed, where these currents are controlled, such
that, active and reactive power is controlled in the desired
value (P ∗ and Q∗). In this case, the only control target is
to reach references, given by the following relation:

I∗c,d =
P ∗

Vcd
; I∗c,q =

Q∗

Vcd
(22)

Fig. 9 introduces the behavior of the frequency for each
control strategy. The frequency response for standard Id,q
control is considered the worse case, since it have highest
overshoots and more oscillations. The variable inertia
presents best transient response, which improve frequency
stability and provide inertial support. The droop control
presents a worse frequency behavior compared with virtual
inertia strategy, since the transient variations are larger
and more oscillatory than virtual inertia approach. Also,
the droop control is not able to perform inertial support,
which may result in instability problems.

A zoom in the largest transient of frequency is depicted
in Fig. 10, where is clearly seen that droop control and
Id,q control present almost the same behavior with no
inertial support while the virtual inertia approach reduces
the frequency deviation during load changes and power
perturbations, improving frequency Nadir and RoCoF.

4.2 Comparison between different inertia coefficients

In this subsection, a comparison between constant inertia
coefficient and a variable one is made. The idea is to
compare how the frequency deviation changes when the
inertia is fixed and how is the response for changing
the coefficient KM in the variable inertia approach. Four



Fig. 10. Zoom in the frequency to compare the control
strategies.

Fig. 11. Grid frequency on left and frequency deviation on
right for different variation in the inertia coefficients.

Fig. 12. Inertia coefficient on left and angular acceleration
on right over different values of KM .

different scenarios are simulated, first with constant inertia
(which means KM = 0), second KM = 2e4, third KM =
1e5 and fourth KM = 5e5, where for the proposed values
of KM , equation (20) is always valid.

As coefficient KM increases, the frequency deviation de-
creases, improving the transient frequency response in the
MicroGrid. This can be clearly shown in Fig. 11, where the
four scenarios are presented with a zoom. Fig. 12 presents
how the moment of inertia changes according to the co-
efficient KM , making possible larger inertia coefficients to
reduce frequency deviations (improve frequency Nadir and
RoCoF). Also is presented how the angular acceleration
behaves in these cases. All of these figures are zoomed in
to depict the largest transient during simulations.

5. CONCLUSIONS

This paper proposes a variable virtual inertia scheme
applied to a VSC converter to improve frequency stability
and reduce power oscillations in a low inertia MicroGrids.
The AC MicroGrid is composed by a diesel generator
and loads, plus a VSC converter interfacing it to a DC
MicroGrid. The proposed scheme is analyzed through a
Lyapunov function that assures asymptotic stability for
the system under the proposed variable inertia.

Simulation results shows that VSM helps the system
providing frequency regulation and inertial support. This
approach is compared to similar ones, and it is shown its
improvement compared to classical droop control, since
that one presents no inertia support. Therefore, we can
conclude that variable inertia virtual synchronous machine
is a good strategy to provide ancillary services for low
inertia systems like MicroGrids.
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