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Abstract: We experimentally and theoretically demonstrate the variety of the nonlinear dynamics
exhibited by a single frequency semiconductor laser subjected to optical injection from a frequency
comb. The injection parameters ( the detuning and the injection strength) and the comb properties
(comb spacing and the amplitude of the injected comb lines) are varied to unveil several dynamics
such as injection locking, wave-mixing, chaotic dynamics, and unlocked time-periodic dynamics
corresponding to new comb solutions. The asymmetry of the injected comb is shown to modify
the size of the injection locking region in the parameter space, as well as the common properties
between the new comb solutions observed and the injected comb.
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1.

Introduction

The entrainment of the intrinsic oscillation frequency of the laser using an external oscillator
has been of interest in the past forty years [1–3]. When the detuning frequency Δ𝜈, i.e, the
difference between the external oscillator frequency and the intrinsic oscillation frequency of the
injected laser, is sufficiently small, the intrinsic oscillation frequency of the injected laser becomes
entrained by the external oscillator leading to so-called injection locking [4, 5]. Often, outside
the region of parameters leading to the injection locking, the laser bifurcates to more complex
nonlinear dynamics including route to chaos [6–9], extreme events [10], intermittency [5] and
mode switching such as in VCSELs [11, 12]. These nonlinear dynamics, in turn, open the path
towards new applications in all-optical signal processing [13], microwave signal generation [14]
and frequency comb generation [15].
More recently, optical injection dynamics of a laser diode when being injected, not by a
single laser line, but by a frequency comb have been studied. Injection locking [16, 17] has
been reported and characterised by selective amplification (SA) of the comb line that shows the
smallest detuning from the injected laser frequency. A laser, injected with a frequency comb
has been observed to exhibit a different solution of injection locking compared to the one in
case of single frequency injection [18]. Some researchers have also analysed the variation in
the amplitude of the comb lines when varying the injection parameters (detuning and injection
strength) and the comb properties (comb spacing and number of injected comb lines) [19–21].
Of particular interest is the possibility to tune the relative amplitudes of the comb lines by optical
injection. Recent works have further questioned the possibility of resonance between the comb
spacing and the relaxation oscillation frequency [21–23]. In the field of theoretical research,
simulations of rate equations have also predicted a rich variety of nonlinear dynamics [24].
The optical injection with a frequency comb has found applications in various fields such as
demultiplexing of optical frequency comb [25, 26], optical frequency metrology [27] and optical
communication [25]. The question of how the optical injection with a frequency comb interplays

with the injection induced nonlinear dynamics is however not fully addressed yet.
In this Letter we experimentally demonstrate the nonlinear dynamics of a single frequency
laser under optical injection with a frequency comb. The injection locking solution documented
in the literature [19, 21, 25] is identified here as selective amplification (SA) in which the injected
laser selectively amplifies and locks to the injected with the smallest detuning. There are therefore
as many SA solutions as the number of injected comb lines. In addition, we report new comb
solutions observed to have some properties in common with the injected comb. We also control
and optimize the generated comb properties with the injection parameters. One of the challenges
in the field of combs is indeed the simultaneous control of the comb while maintaining a superior
quality of comb flatness. Furthermore, to our knowledge, the dynamics of a single frequency laser
subjected to a non-flat comb, i.e, an asymmetric comb injection closer to the real experimental
configuration, has not been addressed yet. We analyze the impact of the asymmetry of the
injected comb on the injected laser dynamics particularly on the dynamics of new comb solutions
and on the injection locking solution. The results of this work are in good agreement with our
recent theoretical predictions [24]. We also show new numerical simulations to analyse the
impact of the asymmetry of the injected comb, the results of which are again in agreement with
our experimental observations.
2.

Experimental mapping of nonlinear dynamics
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Fig. 1. (a) Experimental setup for frequency comb injection. TL: Tunable Laser, EDFA:
amplifier, P.C: Polarization Controller, AWG: Arbitrary Waveform Generator, MZM:
Mach-Zehnder Modulator, VOA: Variable Optical Attenuator, OSA: Optical Spectrum
Analyser, PD: photodiode, OSC: Oscilloscope. (b) optical spectrum of the injected
comb

Figure 1 (a) shows the experimental setup for the optical injection with a frequency comb.
The output of a continuous-wave (CW) tunable laser (Yanista Tunics T100S) is first amplified
by an Erbium-Doped Fiber Amplifier (EDFA). The linewidth of the tunable laser is around 30
MHz. An electric signal modulation is generated by an Arbitrary Waveform Generator (AWG)
(Tektronix AWG 700002A) and sent to the RF port of a Mach-Zehnder (MZ) Modulator. The

first polarisation controller (P.C) is used to align the laser polarisation with the input of the MZ
modulator. The MZ modulator is a LiNbO3 with a 12.5 GHz bandwidth. Optical comb with
3 optical frequency lines is generated in the output of the MZ modulator. The comb’s optical
power is controlled using a variable optical attenuator (VOA). The injected laser is a Distributed
feedback (DFB) laser emitting ∼ 1549.7 nm with an approximate threshold current of 8 mA
and maintained at 20◦ C. The fiber circulator is arranged to provide isolation for the injected
laser. The injected laser dynamics is analyzed with a high resolution optical spectrum analyzer
BOSA 400, which allows monitoring optical spectra with a resolution of about minimum 0.1 pm
or 10 MHz at the operating wavelength of 1550 nm. The second polarization controller (P.C)
allows controlling the polarization of the injected light. The temporal output is measured with a
real-time digital oscilloscope (OSC) with sampling rate of 50 GSamples/s. A photodiode (PD)
(Newport 1544-B) 12 GHz bandwidth is placed at the input of the oscilloscope to convert optical
signal to an electrical signal. Figure 1 (b) shows the optical spectrum of the injected comb. This
figure is obtained for a fixed comb spacing (Ω). The difference between the power of the central
comb line and the sides comb lines is around 12 dB. In the following text, the frequency detuning
is defined with respect to the frequency of the central comb line, i.e., Δ𝜈 = 𝜈 − 𝜈0 , where 𝜈 and
𝜈0 are the frequencies of the central injected comb line and the injected laser, respectively.

Fig. 2. Experimental dynamical mapping of single frequency laser subject to an optical
injection from a frequency comb for Ω = 5 GHz. Several regions are observed: SA:
Selective amplification, Unlocked time periodic dynamics (Comb 1, Comb 2, Comb 3
and Comb 4) and complex dynamics.

The experimental results presented in the following demonstrate the existence of unlocked
time periodic dynamics beyond the injection locking solution in the plane of injection parameters.
The injection strength is calculated by estimating the fiber loss ratio between the modulator and

the input of the injected laser. The power displayed by the modulator is always multiplied by
the loss ratio to determine the power received by the injected laser. We define 𝜅 = 𝑃𝑃𝑚𝑆𝐿∗𝛾 , where
𝛾 is the fiber loss ratio, 𝑃𝑚 and 𝑃𝑆𝐿 are the power of the modulator output and injected laser
output without injection, respectively. Figure 2 shows the mapping of the qualitatively different
dynamics of the injected laser for Ω = 5 GHz. The bias current is fixed at 1.5 times the threshold
current, i.e, about 12 mA. Since the frequency comb injection is a modulation of power, injection
locking is not a single line optical spectrum but shows three optical lines. The central line has the
frequency of the comb line that is the less detuned from the injected laser. The other two lines are
strongly supressed, hence leading to the (SA) of the central comb line. The SA regions are found
at detuning values close to the frequency positions of the injection comb lines. The SA regions of
the side comb lines are found to be smaller than the one of the central comb line as a consequence
of the asymmetry of the injected comb. When the injected comb lines have the same amplitude,
their corresponding SA regions have comparable sizes [28]. No SA region was observed for the
side comb lines when 𝜅 > 0.02542. By contrast the SA region of the central comb line continues
until 𝜅 = 0.1144 and bifurcates to a new time-periodic dynamics called "comb 2". The transition
between the SA and the "comb 2" region is characterised by an increase of the power in each
comb line and the appearance of new comb lines. Around the bifurcation point, the main comb
line changes its frequency position, i.e, the comb line that contains the maximum power is not the
comb line that shows the smallest detuning from the injected laser frequency anymore. Besides
the new comb solution "comb 2" connected to the SA region, another region of frequency comb
far from the SA region is created, referred to as "comb 3" in Fig. 2. This new comb region starts
to appear when the detuning is close to Δ𝜈 = 10 GHz for an injection strength of 𝜅 = 0.06355
and the region expands upon increase of the injection strength towards negative detuning. Other
new comb regions called "comb 1" and "comb 4" are observed when the detuning frequency is
close to Δ𝜈 = −14 GHz and Δ𝜈 = 14 GHz, respectively. These regions are small such that we
were not able to define their size with high precision due to the limits in the fine tuning of the
injection parameters. Besides the dynamics of SA and new comb regions, the other dynamics are
identified as being complex dynamics including period one, period two, higher others period and
quasi-periodicity; example of which will be shown in the following text.
Next, we analyse the impact of the injected comb spacing on the new frequency comb dynamics.
The map in Fig 2 corresponds to the case when the injected comb spacing Ω = 5 GHz is close
to the relaxation oscillation frequency of the injected laser (4.8 GHz). Figure 3 shows the
dynamical mapping for Ω = 2 GHz. We observe three regions of new comb solution stated as
"comb 1", "comb 2", and "comb 3". We identify the other dynamics as being complex dynamics.
Unlike the case for Ω = 5 GHz , not only is the SA region of the central comb line connected to a
new frequency comb region, but also the SA region of the side comb line at -2 GHz. Despite the
fact that the locking region of the comb line at -2 GHz is connected to the "comb2" region, its
locking area remains very narrow. It is worth mentioning that besides these regions of comb
solutions, very narrow and isolated regions of combs are found inside the regions of complex
dynamics but these comb solutions are weakly stable and easily destabilize to more irregular
pulsing dynamics. The new comb regions appear always when the detuning frequency is close to
a multiple of the injected comb spacing and they extend with the injection strength. In agreement
with the map in Fig 2, the dynamics of these new comb solutions differ from one region to
another.
Figure 4 shows the optical spectra and corresponding time series for the case of Ω = 5 GHz.
The positions of these optical spectra are identified in the mapping of Fig. 2 by the letters a,
b, c, and d. The detuning is fixed to Δ𝜈 = −0.5 GHz and Ω = 5 GHz. The red arrow in each
optical spectra indicates the position of the central line of the injection comb. When varying the
injection strength, the injected laser output shows in Fig. 4 (a) injection locking SA of the central
injected comb line with a side comb line suppression ratio of 20 dB. Figure 4 (b) corresponds to

Fig. 3. Nonlinear dynamics mapping of single frequency laser subject to a frequency
comb injection for Ω = 2 GHz. We observe Several regions: SA, Unlocked time
periodic dynamics (Comb 1, Comb 2 and Comb 3) and complex dynamics.

Fig. 4. Optical spectra and corresponding times series when varying the injection
strength 𝜅 for fixed comb spacing Ω = 5 GHz and detuning Δ𝜈 = −0.5 GHz. The
injected laser output shows the following dynamics: (a) Injection locking at 𝜅 = 0.0045,
(b) Wave mixing at 𝜅 = 0.025, (c) complex dynamics at 𝜅 = 0.061 and (d) frequency
comb at 𝜅 = 0.15. The red arrow in each optical spectra indicated the position of the
central injected comb line.

a modulation as a result of nonlinear wave mixing. When the detuning is close to the limit of the
SA region, the injected laser output is always a nonlinear wave mixing between the comb spacing
and detuning. When the detuning is equal to a fraction of the comb spacing, this wave mixing
leads to harmonic locking as observed in [17, 22]. The dynamics bifurcates to a more complex
dynamics as shown in Fig. 4 (c). The detailed chaotic properties shall be discussed elsewhere.

Fig. 4 (d) then corresponds to an unlocked time-periodic dynamics which is a new frequency
comb as discussed earlier. Upon increasing the injection strength steadily within the "comb 2"
region, the laser leaves the injection locking to a comb which is characterized by the appearance
of new comb lines and by a frequency offset of the main comb line with respect to the injected
comb line, and by different amplitudes for each comb line.
Δf

Fig. 5. Optical spectra and corresponding times series when varying the detuning Δ𝜈
for fixed comb spacing Ω = 5 GHz and injection strength 𝜅 = 0.36 GHz. We observe:
(e) and (g) Wave mixing at Δ𝜈 = 5.4 GHz and Δ𝜈 = 9.1 GHz, respectively, (f) new
frequency comb at Δ𝜈 = 8 GHz. The letters (e), (f) and (g) are indicated on the map of
Fig. 2

Further insight into the stability of the new comb solutions is given in Fig. 5, where the optical
spectra are shown for a fixed 𝜅 = 0.36 and detuning Δ𝜈 being swept across the comb3 region.
When the detuning is sufficiently close to the value that leads to the observation of the new comb
region, a dynamic of wave mixing take places with additional peaks in between the comb lines
being separated by Δ 𝑓 as can be seen in Fig. 5 (e) and (g). When varying the detuning from
negative to positive values, these additional peaks progressively disappear as the detuning gets
close to zero, leading to a stable frequency comb solution as shown in Fig. 5 (f) .
Figure 6 shows the optical spectra and corresponding time series for the case of Ω = 2 GHz.
The positions of these optical spectra are identified in the mapping of Fig. 3 by the letters a, b,
c, and d. The red arrow indicates the position of the central line of the injected comb and the
black arrow indicates the injected laser free-running frequency. Figures 6 (a)-(c) correspond to
new frequency combs in the regions "comb 1", "comb 2", and "comb 3", respectively. These
figures are obtained for fixed injection strength 𝜅 = 0.3686, but different detuning values. The
comparison between Fig. 6 (a), (b) and (c) shows that the injection parameters can be used to
precisely tune the comb properties, i.e, number of comb lines and power distribution among
comb lines. It is also important to highlight that the comb shown in Fig. 6 (a) is a remarkably
stable comb dynamics obtained for a detuning of more than 7 times the injection comb spacing.
In the single frequency injection, the stable dynamics is a stationary dynamics whose stability is
bounded by the locking range [5]. That locking range is typically of maximum few GHz and is
enhanced in specific laser systems that incorporate quantum dots [29, 30]. In the comb injection,
by contrast, the stable dynamics is a fundamental comb dynamics that repeats the same spacing
for the comb lines as the injected comb. As shown here, that dynamics is observed in several
regions of the injection parameters that by far exceed the range of parameters corresponding to
selective amplification of the injected lines.
Figure 7 shows the analysis of the new frequency comb properties. Figure 7 (𝑎 1 ) shows the
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Fig. 6. Optical spectra and corresponding times series for fixed comb spacing to Ω = 2
GHz: (a) Unlocked time periodic dynamics in "comb 1" region at 𝜅 = 0.3686 and
Δ𝜈 = −15 GHz, (b) Unlocked time periodic dynamics in "comb 2" region at 𝜅 = 0.3686
and Δ𝜈 = −10.2 GHz, (c) Unlocked time periodic dynamics in "comb 3" region at
𝜅 = 0.3686 and Δ𝜈 = −3.8 GHz and (d) complex dynamics at 𝜅 = 0.3177 and Δ𝜈 = 5.7
GHz.

optical spectrum from which we measure the spectral width at half-maximum. The pulse width
in the corresponding time-series is shown in Fig. 7 (𝑎 2 ). Figure 7 (b) plots the time-bandwidth
product,i.e, product between the pulse width at half-maximum and the spectral width at halfmaximum. We observe that the time-bandwidth product increases with the injection strength
from 0.93 at 𝜅 = 0.1398 and Δ𝜈 = −3 GHz and reaches at most the value 1.14 at 𝜅 = 0.3635 and
Δ𝜈 = −3 GHz which is close to 3 times the Fourier limit ∼ 0.44 for a Gaussian pulse shape. This
indicates that the pulse width is not only determined by the increase of spectral bandwidth, but
also that there is a dependency on the phase of the comb lines. This is in very good agreement
with our theoretical findings in [24]. In Fig. 7 (c), for Ω = 5 GHz and Δ𝜈 = −3 GHz, we show
the pulse width and the corresponding number of output comb lines of the injected laser as a
function the injection strength (𝜅) within the parameter range corresponding to the new frequency
comb region (comb2) in Fig. 2. The pulse width decreases with the injection strength while the
corresponding number of output comb lines in the injected laser increases which is in excellent
agreement with our previous theoretical prediction in [24]. We also checked that the number of
output comb lines increases when increasing the bias current of the injected laser. To evaluate
the performance of each new frequency comb region, we calculate the number of comb lines in
regions labelled comb1, comb2, comb3 of Fig. 3. In Fig. 7 (d), we plot the number of comb
lines in the injected laser output for fixed 𝜅 when varying Δ𝜈. The number of output comb
lines is large in the new frequency comb region far from the SA region and decreases to reach a
minimum in the region of new comb which is connected to the SA region of the central comb
line. In the "comb3" region, for fixed 𝜅, when we change the detuning from negative to positive
values, we observe an abrupt increase of the number of lines in the optical spectrum. This result
confirms our numerical analysis in [24]. The injection experiment therefore provides a very fine
tuning of the comb properties in the injected laser.
3.

Numerical simulations

As already introduced in Ref. [4], the laser system can be modelled by the following rate equations.
The electrical field 𝐸 (𝑡) in the injected laser under frequency comb injection is written as [4]:
𝑑𝐸 (𝑡)
1
1
= [𝑖𝜔(𝑁) + (𝐺 (𝑁) − )]𝐸 𝑆 (𝑡) + 𝐸 𝑀 (𝑡).
𝑑𝑡
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Fig. 7. Control of the output comb properties. (𝑎 1 ) and (𝑎 2 ) optical spectrum in comb
2 region in the map of Fig. 2 (a) at 𝜅 = 0.1398 and the corresponding time series of the
output power, (b) corresponding time-bandwidth product of the pulse width, (c) pulse
width at half maximum on the left vertical axis and the number of output comb line of
the injected laser on the right vertical axis for fixed Ω = 5 GHz and detuning Δ𝜈 = −3
GHz when varying the injection strength, (d) number of output comb lines in different
comb regions as a function of detuning frequency Δ𝜈 for fixed Ω = 2 GHz.

Here 𝐸 𝑆 (𝑡) and 𝐸 𝑀 (𝑡) are respectively the complex fields of the injected laser and the injected
comb, i is the imaginary number, N is the carrier density, 𝜔(𝑁) and G(N) are respectively the
angular optical frequency and the differential gain of the injected laser. laser and 𝜏𝑝 is the photon
lifetime. The complex electrical field of the injected frequency comb 𝐸 𝑀 (𝑡) and injected laser
𝐸 𝑆 (𝑡) can be written as:
Õ
𝐸 𝑀 (𝑡) =
𝐸 𝑗 (𝑡)𝑒 𝑖 (2 𝜋𝜈 𝑗 𝑡+𝜑) ,
(2)
𝑗

𝐸 𝑆 (𝑡) = 𝐸 (𝑡)𝑒 𝑖 (2 𝜋𝜈0 𝑡+𝜙 (𝑡)) ,

(3)

Here 𝐸 𝑗 (𝑡) and 𝐸 (𝑡) are the amplitudes of the j-th comb-line and of the injected laser. 𝜈 𝑗
and 𝜈0 are the frequencies of the j-th combs-line and of the injected laser. Δ𝜈 𝑗 = 𝜈 𝑗 − 𝜈0 is the
detuning between the injected and j-th comb mode. 𝜑 and 𝜙 are respectively the initial phase
of each comb-line and the phase of the injected laser. In our study wee set the initial phase of
each comb-line to 0. After including the injection field, the amplitude, the phase, and the carrier
density rate equations can be rewritten as:
Õ
1
𝐸¤ (𝑡) = 𝐺 𝑁 Δ 𝑁 (𝑡)𝐸 (𝑡)+
𝐸 𝑗 cos(2𝜋Δ𝜈 𝑗 𝑡−𝜙(𝑡)),
2
𝑗

(4)

Õ 𝐸𝑗
¤ = 1 𝛼𝐺 𝑁 Δ 𝑁 (𝑡)+
𝜙(𝑡)
sin(2𝜋Δ𝜈 𝑗 𝑡−𝜙(𝑡)),
2
𝐸 (𝑡)
𝑗

(5)

𝑁 (𝑡)
𝐸 (𝑡) 2
𝑁¤ (𝑡) = 𝑅 𝑝 −
− 𝐺 𝑁 Δ 𝑁 (𝑡)𝐸 (𝑡) 2 −
.
𝜏𝑠
𝜏𝑝

(6)

In these equations, Δ 𝑁 (𝑡) = 𝑁 (𝑡) − 𝑁𝑡 ℎ with 𝑁𝑡 ℎ the threshold carrier density, 𝛼 is the
linewidth enhancement, 𝑅 𝑝 is the pump rate and 𝜏𝑠 is the carrier lifetime. We write 𝐸 𝑖𝑛 𝑗 as the
total amplitude of the injected field.In the following, we shall use 𝜅 for the injection strength with
𝐸𝑖𝑛 𝑗
𝜅 = 𝐸0
where 𝐸 0 is the field amplitude of the laser without optical injection. The semiconductor
laser parameters are taken as [24] : 𝛼=3, 𝐺 𝑁 = 7.9 × 10−13 𝑚 3 𝑠−1 , 𝑁𝑡 ℎ = 2.91924 × 1024
𝑚 −3 , 𝜏𝑠 = 2 × 10−9 s, 𝜏𝑝 = 2 × 10−12 s and 𝑅 𝑝 = 1.5𝑅𝑡 ℎ with the pump rate at threshold
𝑅𝑡 ℎ = 1.8 × 1033 𝑚 −3 𝑠−1 ,.
(a)
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Fig. 8. Numerical mapping of a semiconductor laser subject to optical frequency
comb injection. (a) and (b), an asymmetric comb injection similar to the experimental
conditions for Ω = 5 GHz and Ω = 2 GHz, respectively. (c) and (d) are the corresponding
mappings when all injected comb lines have instead the same amplitude. The blue and
gray part correspond to the time periodic dynamics and unlocked chaotic dynamics,
respectively. Different regions observed: SA, Comb 1, comb 2, comb 3, comb 4 and
comb 5 unlocked time periodic dynamics.

Figure 8 (a) and (b) show the numerical mapping of a single frequency laser under an
asymmetric frequency comb injection in the plane of the injection parameters. These figures
should be compared with the Fig. 2 and Fig. 3, respectively. The injected laser is biased at 1.5
times threshold current with an injected comb of three frequency lines. To plot these map we
follow the successive maxima of the radio frequency spectra and then calculate the difference
between their corresponding frequencies. We consider a dynamics to be a frequency comb when

this difference is always equal to the injected comb line spacing. The injected comb lines do not
have the same amplitude, i.e, the injected comb is asymmetric. The central comb line has more
power than the side comb lines. In Fig. 8 (a) and (b), to realistically model the experiment, we
consider that the difference between the amplitude of the central comb line and the side comb
lines is 12 dB. The theoretical mapping reproduces the experimental findings qualitatively and
even for some features quantitatively with very good agreement. In these maps, the regions
shaded in blue correspond to the time-periodic dynamics, i.e., the SA or the new frequency
comb region. The region shaded in grey corresponds to any other dynamics that we previously
categorised as complex dynamics. Figure 8 (a) and (b) correspond to the numerical mapping for
fixed comb spacing to Ω = 5 GHz and Ω = 2 GHz, respectively. Here, we define SA as the case
of an injection locking dynamics for which the ratio between the power of the comb line that
shows the smallest detuning from the injected comb and the next strongest comb line is more
than 10 dB. Our numerical findings reproduce qualitatively the experimental results in which the
asymmetry of the injected comb impacts much on the size of the three SA regions. The smaller
is the power of one comb line in the injection comb, the narrower is its SA region. In the map
of Fig. 8 (a), we observe four regions of frequency combs called "comb 1", "comb 2" , "comb
3" and "comb 4". The small regions of comb called "comb 1" and "comb 4" in the mapping
appear when the detuning is Δ𝜈 = −14.6 GHz and Δ𝜈 = 14.6 GHz. This theoretical observation
is in very good agreement with the experiment. In Fig. 8 (b), we observe three regions of new
frequency combs called "comb 1", "comb 2" and "comb 3". Like for Ω = 5 GHz, the map shows
as many SA regions as the number of the injected comb lines and these SA regions are separated
in the detuning values by the comb spacing. Furthermore, for the case of Ω = 2 GHz, two SA
regions connected to the region of combs and additional comb regions are observed. The comb
regions extend when increasing the injection strength, as also found in the experiment. In both
cases, i.e, Fig. 8 (a) and Fig. 8 (b), the SA regions corresponding to each of the injection comb
lines are not of equal size, which is the result of the asymmetry of the injection comb as will
be confirmed afterwards. The smaller is the injected comb spacing, the greater is the effect of
the asymmetry of the injected comb on the SA regions. In both cases, the fact that comb 2 and
comb 3 regions shift towards negative detuning when the injection strength increases is linked to
the linewidth enhancement factor 𝛼. Indeed, For 𝛼 → 0, these regions are more symmetric and
would even be tilted towards positive detuning if 𝛼 would be negative. To better evaluate the
impact of the injected comb asymmetry on the laser dynamics, we show in Fig. 8 (c) and (d)
the numerical mapping when injecting a symmetrical comb, i.e., the injected comb lines have
the same amplitude. All other parameters are kept fixed. Figure 8 (c) and (d) correspond to the
numerical mapping for fixed Ω = 5 GHz and Ω = 2 GHz, respectively. In both case, the SA
regions of the three injected comb lines have almost the same size. For Ω = 5 GHz, the comb
1 region in Fig. 8 (a) has disappeared and the comb 2 region of Fig. 8 (a) corresponds to the
comb 1 region of Fig. 8 (c), but is now much smaller. The SA region of the comb line close to 2
GHz detuning is now connected to a new frequency comb region called "Comb 2" in Fig. 8 (c).
When increasing the detuning toward positive value, three large new comb regions called "Comb
3", "Comb 4" and "Comb 5" are observed around 10, 15 and 20 GHz which correspond to the
multiples of the injected comb spacing. It is important to note that the "Comb 3" and "Comb
4" regions are observed in the same injection parameter plane as their homonyms in Fig. 8 (a).
When the comb spacing is Ω = 2 GHz, Fig. 8 (d), only the SA region of the comb at -2 GHz is
connected to a new comb solution called "Comb 3" in the mapping. It should be noted that a new
comb solution called "Comb 2" appears when the detuning is close to -4 GHz which is a multiple
of the injected comb spacing. This new comb solution becomes larger with the injection strength
and it is rich in number of lines and much wider than the "comb 3". For large detuning value,
close to -8 GHz which corresponds to 4 times the injected comb spacing, we observe another
new comb region called "comb 1". The dynamics of the comb solutions differ from a region of

comb to another.
4.

Conclusion

In conclusion, we have demonstrated experimentally and numerically the nonlinear dynamics of
frequency combs with optical injection. By varying either the injection parameters (injection
strength, detuning) or the comb properties (number of line, comb spacing) we identify a rich
variety of nonlinear dynamics including: SA of comb line, wave mixing between comb lines and
frequencies at detuning values, comb dynamics and irregular chaotic pulsing. Most importantly,
the comb dynamics are observed even for very large detuning values, being several times the
injection comb spacing. The comb properties including number of comb lines and relative
amplitudes of comb lines can be tuned to a large extend by the injection parameters. Finally
the experiment reveals the importance of the asymmetry of the injected comb in the observed
dynamics. This experiment and the excellent agreement with numerical simulations motivate
further analysis of more complex features such as injection of a very larger number of comb lines
and injection into a multimode laser.
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