N

N

An asymptotic study of the joint maximum likelihood
estimation of the regularity and the amplitude
parameters of a Matérn model on the circle
Sébastien Petit

» To cite this version:

Sébastien Petit. An asymptotic study of the joint maximum likelihood estimation of the regularity
and the amplitude parameters of a Matérn model on the circle. 2023. hal-03778527v6

HAL Id: hal-03778527
https://centralesupelec.hal.science/hal-03778527v6

Preprint submitted on 22 Sep 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://centralesupelec.hal.science/hal-03778527v6
https://hal.archives-ouvertes.fr

An asymptotic study of the joint maximum
likelihood estimation of the regularity and the
amplitude parameters of a Matérn model on the
circle

Sébastien J. Petit*!: 2

'Laboratoire National de Meétrologie et d’Essais, 78197 Trappes Cedex, France
2 Université Paris-Saclay, CNRS, CentraleSupélec,
Laboratoire des signaux et systémes, 91190, Gif-sur-Yvette, France

September 22, 2023

Abstract

This work considers parameter estimation for Gaussian process in-
terpolation with a periodized version of the Matérn covariance function
introduced by Stein. Convergence rates are studied for the joint maxi-
mum likelihood estimation of the regularity and the amplitude parameters
when the data are sampled according to the model. The mean integrated
squared error is also analyzed with fixed and estimated parameters, show-
ing that maximum likelihood estimation yields asymptotically the same
error as if the ground truth was known. Finally, the case where the ob-
served function is a fixed deterministic element of a Sobolev space of
continuous functions is also considered, suggesting that a joint estimation
does not select the regularity parameter as if the amplitude were fixed.

1 Introduction

Gaussian process interpolation or kriging is a common technique for inferring
an unknown function from noiseless data, which has applications in geostatistics
(Stein, 1999), computer experiments (Santner et al., 2003), and machine learn-
ing (Rasmussen and Williams, 2006). A covariance function fully characterizes
a zero-mean Gaussian process model. The need for tailoring this function to the
task at hand is widely acknowledged in the literature. The common practice
consists in choosing it within a parametric family. Stein (1999) promotes using
the Matérn (1986) family of stationary covariance functions. Assuming isotropy
and using the parameterization from Stein (1999, p. 31), this family is defined
on R? by its spectrum:
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which is indexed by three parameters: the regularity parameter v, what we
shall call the amplitude parameter ¢, and the parameter . See (Stein, 1999)
for a comprehensive description of the effect of these parameters. In short, the
parameter v is shown to be the key quantity governing the asymptotics of the
prediction error. The amplitude parameter ¢ does not impact the posterior
mean predictions but matters for uncertainty quantification, whereas « is less
important asymptotically.

One can safely say that cross-validation and maximum likelihood estimation
are the most popular techniques for selecting Gaussian process parameters from
data. We shall focus on the latter for the rest of this article.

Assuming observations from a Matérn process with parameter 6y = (v, ¢o, ag),

a distinction is often made between increasing and fixed-domain asymptotic
frameworks (see, e.g., Bachoc, 2021, for a review). While several increasing-
domain asymptotic frameworks have been exhaustively studied (see, e.g., Mardia
1984; Bachoc, 2014), a comprehensive asymptotic analysis of maximum likeli-
hood estimation in fixed-domain frameworks—i.e., on bounded domains—has
long been an open question. Previous works mainly consider the estimation of ¢
and « for a known v (see, e.g., Ying, 1991, 1993; van der Vaart, 1996; Zhang,
2004; Loh, 2006; Kaufman and Shaby, 2013; Li, 2020, who often use alternative
parametrizations).

The asymptotics of 7, seem to have been little studied. Stein (1999, Section
6.7) proposes an asymptotic framework with equispaced observations on the
torus and makes a conjecture about the asymptotic behavior of the joint max-
imum likelihood estimate 6,, = (¥, ¢n, &,) based on the Fisher information
matrix (see also Stein, 1993, in the case of noisy observations). This topic has
only recently regained popularity. Indeed, Chen et al. (2021) used the frame-
work from Stein to show that 7, is consistent if the other parameters remain
fixed (i.e., enforced to arbitrary values, which may not be ¢y and «p). Continu-
ing with fixed ¢ and «, Karvonen (2023) has recently shown that lim inf 7,, > 1y
in the (more general) case of quasi-uniform observations on a “nice” bounded
domain of R%.

Another long-standing open problem (see notably Putter and Young 2001
and Stein 1999, in the Preface) is that of predictions with estimated parameters:
how accurate and reliable are the predictions if one selects a parameter é\n from
data and uses it to make subsequent predictions? The critical influence of v on
the kriging error suggests that the asymptotic behavior of 7, is a key element
in answering this question.

Another research line consists in studying parameters estimation assuming
observations from a fixed deterministic function f. The definition of a ground
truth 6y is not obvious in this setting. Instead, the aim is to study which “fea-
tures” of f are used by the estimator to select a Gaussian process model and how
this affects predictions. See (Karvonen et al., 2020; Karvonen and Oates, 2023)
for analyses of maximum likelihood estimators of other parameters given a fixed
regularity. Regarding 7,,, the tight lower bound shown by Karvonen (2023) also
covers the case of a continuous function from a Sobolev space. The result shows
an interesting connection with sample path properties. More precisely, define
the smoothness vo(f) of f in a Sobolev sense so that vy(£) = v holds almost
surely for any Matérn process & with regularity 1. For fixed ¢ and «, Karvonen
(2023) showed that liminf 7, > vo(f) and, under (essentially) a self-similarity
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hypothesis on the spectrum of f, that 7, converges to vo(f). This means that,
if the spectrum of f is well-behaved, then maximum likelihood estimation fits v
so that f and the sample paths have the same Sobolev smoothness. It echoes
similar findings in Bayesian nonparametric statistics with noise-corrupted ob-
servations (see notably Belitser and Ghosal 2003, Knapik et al. 2016, p. 779,
and Szabo et al. 2015, pp. 1397 and 1404), where, with our notations, similar
conditions on the truth imply that 7,, — vo(f).

This article focuses on the one-dimensional version of the framework pro-
posed by Stein (1999, Section 6.7) to analyze the joint maximum likelihood
estimation of (v, ¢, «). This simplified framework is very convenient for such a
study, as explained in Section 3. On the one hand, a y/n-rate asymptotic nor-
mality result is shown for (7,, qAﬁn) when observing a Matérn process. Whether
the (non-identifiable) parameter « is known or estimated does not affect the
limiting distribution. Furthermore, one consequence is that the ratio between
the mean squared error with estimated parameters and the one with known
parameters converges to unity. On the other hand, it is shown that a joint esti-
mation does not result in the behavior discussed in the previous paragraph. The
key takeaway is that only the smaller asymptotic bound lim inf 7,, > vo(f)—1/2
holds. This means that the reproducing kernel Hilbert space is asymptotically
too small to contain f but does not say whether the Sobolev smoothness of the
sample paths exceeds or converges to vo(f). To give a quantitative description of
the behavior above vy (f) — 1/2, we derive the large sample limit of the (profile)
likelihood on a class of functions that is small but satisfies the usual spectrum
conditions ensuring that 7, — vo(f) for fixed ¢ and «. The minimizer of this
limit has no closed-form expression (see (16)), but we show that a numerical ap-
proximation is not maximized by vo(f). A strong consistency result on sample
paths shows that the set of functions f such that 7, — vo(f) has probability
one under a Matérn process.

To summarize, the contributions of the present article are threefold. First,
we prove consistency and asymptotic normality results on the maximum likeli-
hood estimates of the parameters v and ¢. Then, we leverage these convergence
rates to analyze the expected integrated error, showing that estimating the pa-
rameters yields the same error asymptotically as if the ground truth was known.
Finally, we investigate model selection by maximum likelihood estimation on a
deterministic function.

The article is organized as follows. Section 2 introduces the periodic frame-
work and our notations and Section 3 discusses how this framework helps for
circumventing the challenges posed by the study of the profile likelihood. Then,
Section 4 gives the main results. Finally, Section 5 provides our results on the
deterministic case.

2 (Gaussian process interpolation on the circle

2.1 Framework

Let f: [0, 1] = R be a continuous periodic function observed on a regular grid:
{j/n, 0 < j <n—1}. Consider the periodic version of the Matérn family of
stationary covariance functions (1) introduced by Stein (1999, Section 6.7) and



defined by the uniformly absolutely convergent Fourier series

ko: z € R — Zgj (0)e*miwd
JEZ

with coefficients:

c;(0) = W, forj € Z and 0 = (v, ¢, ) € (0, +00)>. (2)
The function ky is continuous and strictly positive definite (see, e.g., Gueiting,
2011, Theorem 1). The description of the parameters v, ¢, and « from the
Introduction carries to this periodic one-dimensional version. A specificity is
that « is not identifiable as different values yield equivalent probability mea-
sures. However, v and ¢ are identifiable (see, e.g., Stein, 1999, Chapter 4 and
Section 6.7).

Assuming a centered process, the usual task in Gaussian process interpola-
tion is to use the model £ ~ GP (0, kp) to infer the function f from the noiseless
data

Z:(f(O),f(l/n),...,f(l—l/n))T. (3)

The function f is usually predicted using the posterior mean function given by
the kriging equations (Matheron, 1971). This predictor can be written simply
in the framework presented above.

Proposition 2.1. Let n > 1 and f: [0, 1] = R be a continuous periodic function
with absolutely summable Fourier coefficients ¢;(f). Writing f,, for the posterior
mean function given Z and the parameter 6, we have:

N (Zq€j+nZ C‘Z(f)
JEZL

fn(z) = Z > sz Qq(9)> ¢;(0)e*™ for x € [0, 1]. (4)

The convergence of (4) holds uniformly absolutely.

The proof is deferred to Section A.4 of the Appendix.

The expression (4) shows how the posterior mean function approximates f:
it transforms the Fourier coefficients of ky into those of f using the ratio of their
discrete Fourier transforms. Finally, we also define the integrated squared error:

1 N2
ISE, (v a5 f) = [ (£- ) 5)
0
Note that it does not depend on ¢.

2.2 Maximum likelihood estimation

Given the observations Z and © C (0, +00)’, a maximum likelihood estimate

is defined by 0, = (Un, an, Qi) minimizing (a linear transform of) the negative
log-likelihood:

L,:0 €0 n"'(In(det(Ky))+Z"K,;'Z), (6)

with ties broken arbitrarily and Ky the covariance matrix of Z according to kg.



The estimators , and @, are assumed bounded in this work, i.e., we take
O =N x (0, +00) x A with N and A compact intervals. However, keeping ¢,
unbounded is key to our main results and for discussing the deterministic case
in Section 5. Write Ky = ¢R,.o for 6 = (v, ¢,a) € (0, +00)*. The following
proposition gives an expression for the profile likelihood, i.e., the infimum of
L, (v, ¢, ) with respect to ¢ € (0, 400) for fixed v and «.
Proposition 2.2. (see, e.g., Santner et al., 2003, Section 3.3.2) Let v, > 0. Tt
holds that

(7)

. _1 ZTR;éZ
dl)nfo L,(v, ¢, @) =1+n""In(det(Ryq)) +In | ———— | .
>

Moreover, if Z is nonzero, then the infimum is uniquely reached by q?n =
ZTR;LZ/n.
(The case Z = 0 is covered since both sides of (7) match.)

3 Studying the profile likelihood using discrete
Fourier transforms

3.1 Linking the spectra of ky and Kj

As Craven and Wahba (1979) and Stein (1999, Section 6.7) point out, the frame-
work introduced in Section 2.1 is convenient. More precisely, it provides a nat-
ural link between Ky and kg using discrete Fourier transforms (see Section A.2
of the Appendix for details). In particular, it gives a closed-form identity

nil(bAmy" = Z Qm-i—nj (9)
JEZ
linking the eigenvalues ¢pAo ., . - ., @An—1,n of Ky to those of kg given by (2). Fur-
thermore, the matrices Ky share the same eigenvectors. One has n= ¢\, ., —
¢, (0) for a fixed m but the ratio n = ¢\, 1 /c,, (0) remains bounded away from
one for m close to n/2.

3.2 The consistency of 7, for fixed ¢ and a (Chen et al.,
2021)

Assuming observations from £ ~ GP (0, kg,) under a similar model with 6y =
(o, b0, a0) € (0, +00)*, Chen et al. (2021) show the consistency of 7, for equi-
spaced observations on the d-dimensional torus for fixed parameters ¢ and o. A
sketch of their reasoning for d = 1 is provided in this paragraph. The spectrum
of Ky is studied by showing that

Py eO(l)Qm(G) — 00),—2v—1 (8)
uniformly in v and 1 < m < n/2.} This approximation yields:
In(det (Kp)) = —2vnln(n)+nln(¢) + nO(1),
2K, Z = ¢t Op (In(n)) if v < vy —1/2, (9)
VAN PR/ = ¢ L ePPMnlH2—ro) if 1 > 1y — 1/2,

The Am,n satisfy Am,n = An—m,n-



with uniform Op-terms on some regularity ranges. The consistency for fixed
parameters ¢ and « follows by observing that v is the turning point where the
quadratic form starts dominating the log-determinant. The latter claims are
also true if v is estimated jointly with ¢ € F' for a set F' bounded away from
zero and infinity.

3.3 Profiling the likelihood

Consider now the case F' = (0, +00) by plugging (9) into (7), for v > vy — 1/2,
to get

di)r;fOILn(V, ¢, a) =1+01)+1In(go) + Op(1) — 29 In(n) = Op(1) — 29 In (n),

(10)
which is not sharp enough. Therefore, a more precise analysis of how the spec-
trum of Ky fluctuates around the one of ky is needed to study the profile likeli-
hood. The following section provides an ingredient for this purpose. Coordina-
tion with tools for proving uniform central limit theorems makes it possible to
study convergence rates for parameter estimation and prediction error in Sec-
tion 4. Developments for studying the profile likelihood are used to provide
insights on model selection in the case of a fixed deterministic function from a
Sobolev space in Section 5, which also discusses related works in this setting.

3.4 A symmetrized version of the Hurwitz zeta function

Stein (1999, Section 6.7) uses the function
v: (s;x 1, +00) x (0, 1)
oo S

for deriving the asymptotics of the Fisher information matrix of the model
presented in Section 2.1. It will also play a major role in our analysis of the
likelihood criterion.

The function 7 is (jointly) smooth and related to the Hurwitz zeta func-
tion (g by:

v(s;x) =Cr(s; )+ Cu(s; 1 —x), (s, ) € (1, +00) x (0, 1). (11)

Moreover, the function v (s;-) is symmetric with respect to 1/2 for s > 1.

4 Main results

4.1 Standing assumptions

Consider the framework presented in Section 2.1 and suppose that the function
is sampled according to the (real-valued) centered Gaussian process:

& xel0,1) Z,/ (00) Uy, + iUy, ;8ign(j)) €*, (12)
]EZ

with 6y = (o, o, 0) € (0,400)* and (Ugj)eeq1,2},j>0 independent random
variables such that Us g = 0, Uy o ~ N (0,2), and U, ; ~ N (0,1) for ¢ € {1,2}



and 7 > 1. Let P be the measure defined on the underlying probability space
(assumed to be the completion of the product space, so the U, ;s are coordinate
projections). The convergence of the expansion (12) is meant pointwise both in
L? (P) and almost surely. We further assume 1y > 1/2 to avoid dealing with
conditionally convergent series. It holds that & ~ GP (0, kg, ).

Let én = (Up, (En, Q) be a maximum likelihood estimate as defined in Sec-
tion 2.2 for some © = N x (0, +00) x A with A, N C (0, +00) compact intervals
and vy € N. The following sections give convergence rates for parameter esti-
mation and prediction error.

4.2 Convergence rates of maximum likelihood estimation
The following result states the strong consistency of 7,.

Theorem 4.1. Let © = N x (0, 4+00) x A with N and A compact intervals and
vo € N. Then, the convergence Uy, — vy holds almost surely.

The proof is deferred to Section A.5 of the Appendix. A key step is to show
that (a shift of) the profile likelihood converges almost surely to

/()11n(’7(21/+1;~))+1n</01%)7 a3)

for v > vy — 1/2. The first term is a refinement of the O(1) appearing in (9) for
the log-determinant. The second term is a refinement of the Op(1) appearing for
the quadratic form. Jensen inequality shows that (13) is minimized by taking
vV = 1.

Furthermore, similarly to Stein (1999, Section 6.7), let us define
M e+
2v—1 ’

o ezl +il

Yy, e (0,1) —
Yjez T+l

for v > 0, (14)

which is square integrable on (0, 1). The following result proves the conjecture
made by Stein (1999, p. 194) when d = 1 and 7,, and @&,, are bounded. The
proof is deferred to Section A.6 of the Appendix.

Theorem 4.2. Let © = N x (0, 4+00) x A with N and A compact intervals and
vg € N. Then,

Vo (B2 — () + EWn (V) o =)\, pr0. 1.
Var (¢y, (V) (n — v0)
where V is a random variable distributed uniformly on (0, 1).
Observe that the asymptotic behavior of (7, QAﬁn) is not influenced by whether

the parameter « is fixed, estimated, or even known.

4.3 Convergence rates of the integrated squared error

This section states our results about the expectation of (5) with fixed and
estimated parameters. The proofs are deferred to Section C. We begin with the
case of fixed parameters.



For v, vy > 0, define

v (4v + 2;2) v (2vp + 15 )
v (2v+1;2)

v (2v + 2v + 2; )
v(2v + L)

Vet ¢ € (0, 1) — +v (2vo + 1;2)—2

which is smooth and integrable when v > (v — 1)/2.
The following result states the asymptotics of the prediction error with fixed
parameters.

Theorem 4.3. Let (v, a) € (0, +00)>. Then,

E (ISE,, (v, a; &)) for v < (vp — 1)/2,

< T A,100
~ n41/+2

In(n)

n2U0

E(ISE, (v, a; €)) < , for v=(1n—1)/2,

and

1
n?E (ISE,, (v, o; €)) — qﬁo/ Dy, Otherwise.
0

The symbol < denotes an inequality up to a universal constant.

This result shows that half of the smoothness is sufficient for optimal con-
vergence rates. However, the constant fol Yy 1s minimized by taking v = vy.
This is in line with the result of Stein (1999, Theorem 3) obtained in a different
framework.

Then, our last result gives the asymptotic behavior of the prediction error
with estimated parameters.

Theorem 4.4. Let © = N x (0, 4+00) x A with N and A compact intervals and
vg € N. Then,

1
n?E (ISE,, (D, Qp; £)) —>¢0/ VN
0

This last result shows that estimating the parameters yields asymptotically
the same error as if the ground truth was known.

5 The deterministic case

Let 8 > 1/2 and define the Sobolev space

HP10,1] =4 g€ L2[0, 1], glFso, = D _(1+5%) le;(f)* < +o0
JEZ

of (continuous) periodic functions. This section studies maximum likelihood
estimation with equispaced observations (3) from a fixed deterministic periodic
function f: [0, 1] — R lying in a Sobolev space. Define the (Sobolev) smooth-
ness

vo(f) =inf {8 >1/2, f ¢ H [0, 1]}

of f as Karvonen (2023) and Wang and Jing (2022). We will assume that
vo(f) € (1, +00). The restriction vo(f) > 1 is imposed for convenience as it



ensures that f has absolutely summable Fourier coefficients. Section D contains
the proofs for this section.

On “nice” bounded regions of RY, Karvonen (2023) shows that lim inf 7, >
vo(f) if @ and ¢ are fixed. Karvonen also shows that 7, — vy(f) for a class of
compactly supported self-similar functions. It is not hard to check that vo(§) = v
holds almost surely for any Matérn process with regularity parameter v. With
that in mind, one can interpret the previous results the following way. Maxi-
mum likelihood estimation chooses the parameter v so that the sample paths
are asymptotically smoother than f and, under more assumptions, so that the
(Sobolev) smoothnesses match. Interestingly, the proof is close in spirit to
the reasoning described in Section 3.2. A sketch is briefly provided with the
notations of the framework from Section 2.1. The log-det term in (6) is not
data-dependent, so the expansion from (9) applies.? Then, for v > vo(f) —1/2,
the uniform inequality

ZTK9—1Z < ¢71n1+2(l/71/0(f))

is (essentially®) shown. However, establishing (sufficient results slightly weaker
than) the reverse inequality requires additional assumptions on f, such as mem-
bership in a class of functions with self-similar spectra (see Karvonen 2023,
Definition 3.1 and also Szabd et al. 2015, p. 1398, in the context of the inverse
signal-in-white-noise model). For the present purposes, it suffices to consider
the “prototypical” subclass (see Karvonen, 2023, p. 14) of functions f such that

Crlj| D2 <oy ()] < Co |7 D2 when |j| > N, (15)

for some N > 0 and Cy > (7 > 0. This notation is compatible with the
definition of vo(f). As in previous works, the following property holds for this
class of functions with well-behaved spectra.

Proposition 5.1. Let © = N x ' x A with N, F, and A compact intervals
and N containing vo(f). Assume that f satisfies (15). Then, the convergence
Un — 1o(f) holds.

Having ¢ and « estimated on compact intervals jointly with v is somewhat
anecdotal, so nothing is new in this result. The details of the proof sketched in
the previous paragraph are therefore omitted. However, since the proof roughly
follows the lines from Section 3.2, the observation from Section 3.3 applies also
in this setting. Beforehand, the following preliminary step is required.

Proposition 5.2. Let © = N x (0, 4+00) x A with N and A compact intervals
and max N > vo(f) — 1/2. Then, it holds that liminf 7,, > vo(f) — 1/2.

Note the difference with the previous liminf7,, > vo(f) for fixed ¢. A
smoothness estimate larger than vy(f) means that f is rougher than the sample
paths. The weaker inequality 7,, > vo(f) — 1/2 only means that the function f
is rougher than the elements of the reproducing kernel Hilbert space. A com-
putation similar to (10) shows that the behavior above vo(f) — 1/2 is, roughly

2The proof of Karvonen (2023) uses bounds with matching rates for the conditional variance
instead of an inequality like (8).

3Provided that f € HYo(f) [0, 1], which does not necessarily hold with our notations.
However, the bound n!t2(v=v0(f)+€) given by f € H¥0(/)—¢ [0, 1], for any € > 0, suffices.



_/

vo(f) —1/2 Minimizer vo(h

Figure 1: The function M/, for vo(f) = 3/2. A numerical approximation to
the minimizer is about 1.359. Note that IMZ_ is approximated numerically using
finite sums for v and discretizations for the integrals.

speaking, governed by O(1)-terms. It is possible to give a quantitative descrip-

tion of what happens for a class smaller than (15). Define

M. (v,0) € (vo(f) — 1/2, +00)x (0, +00) — ;H%En (v, ¢, 0)+2v0(f) In(n)—1.
>

Proposition 5.3. Suppose that ¢;(f) = (1 + O (|j|_1)) |j|_l'°(f)_1/2 for nonzero j.
Then, we have

M7 (v, a) — ML (v) :/0 In (v (2v + 1;)) + In (/0 ol (;«éi):ll;./)?; -)) 7
(16)

uniformly on compact subsets of (vg(f) —1/2, +00) x (0, +00).

We could not identify the minimizer(s) of the limit analytically. Figure 1
shows a numerical approximation to Il\/[gO

After inspection of the proof of Proposition 5.3, it does not seem obvious to
exhibit a function f such that 7, — vo(f) holds when the amplitude parameter
is jointly estimated. However, Theorem 4.1 shows that the set of such functions
has probability one under a Matérn process with regularity 1o > 1/2 belonging
to N.

Acknowledgments. The author thanks Julien Bect and Emmanuel Vazquez
for their patience and guidance.
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A.1 Notations

The symbol < denotes an inequality up to a universal constant. For compact-
ness, the symbol = is used when the two-way inequality < holds.

Write Ko = ¢R, o and ¢;(0) = éc;(v, ), for 0 = (v, ¢,a) € (0, +00)® and
j € Z. All results suppose that © = N x (0, +00) X A with N = [Vmin, Vmax)s
A= [amiIn amax]a 0< Vmin < Yo < Vmax < +00, and 0 < Omin < Qmax <
400 unless explicitly stated otherwise. Without loss of generality, suppose that
Umin < Vo—1/2 and define N, = [vg — 1/2 + ¢, +00) NN for € > 0. The notation
I =1](n—1)/2] will often be used throughout the following.

A.2 Circulant matrices and useful facts

The framework introduced in Section 2.1 is convenient for analyzing kernel-
based regression methods (see, e.g., Craven and Wahba, 1979). This section
reviews the properties needed for our purposes.

Let W be the n x n matrix with entries W; ,, = n=1/2e2miim/n for (0 <
j,m < n—1. For every § = (v, ¢,a) € (0,+00)3, the periodicity of kg implies

that
ko (0) ko (L) ... ke (25D)
K= | ™ (221)  kp(0) ... ke (222)
ko (%) ko (%) e kg (0)

is a circulant matrix and so is R, o. Consequently (see, e.g., Brockwell and Davis,
1987, p. 130), it holds that R, o = WA, W* with A, , = diag (Aon, -+ An—1.n)
and

n—1
Amon = Z eihijm/”kl,ﬁlya(j/n) = anm+nj(V, a), 0<m<n-1. (17)
j=0 JEZ

Note that A, depends on v and a but the symbols are dropped to avoid
cumbersome expressions. These coefficients verify

)\m,n = )\n—m,na for1<m<n-1 (18)

The eigenvalue \g, is simple and there are ! pairs (Apm,n, An—m.n), for m €
[1, 1], where [ is the shortcut defined in Section A.1. If n is even, then the
eigenvalue A, /2 ,, is also simple.

Furthermore, combining each pair of eigenvectors of W shows that R, , =
PA, o PT for a unitary matrix P written using sines and cosines functions.
Then, with 6y = (1o, ¢o, o) the ground truth introduced in Section 4.1, write

PTZ =V ¢0 ( )\é(,)’r)lUOJH EREERY. 510—)1,71[]"_17") ’

with )\8?,)1, cee )\51021 ,, the eigenvalues of R, o, and Upy,...,U,—1,, drawn in-

dependently from a standard Gaussian. We have

n—1 772 (0)
Uz A
TRz = Zm,n MR

Z R, .2 = ¢o mE:o o

11



Our strategy to analyze this kind of expression will often consist of: 1) studying
the sum for m € [1, {J; 2) using the equality (18); and 3) treating the remaining
terms for m = 0 and eventually m = n/2 separately.

The following approximation discussed in Section 3.2 will sometimes be used.
Lemma A.1. One has n™t\g, ~ co(v,a) = 1 and n ™'\, =~ cn(v,a) =~
m~2*~1 uniformly in v € N, a € A, nand 1 <m < |n/2].

Proof. Let 0 < m < |n/2], we have using (17)

—+oo
(V) < A /m < 2¢ (v, @) + 22 Cntnj (U, Q).
j=1
Moreover

00 +

S ot (s @) fem(vo@) € 3 (02 + 1/4)7F12) 24 < 1,
j=1

g

<.
I
—

uniformly using the monotonicity of the zeta function. This shows n‘l)\myn =
¢m (v, @) and finishing the proof makes no difficulty. O

Nevertheless, our results will require refined approximations, as explained in
Section 3.3.

A.3 More notations and properties

For each n, it is straightforward to prove that the A, ,s are smooth functions of

(v, @) € (0, —|—oo)2 by bounding the derivatives of the ¢;s uniformly on compacta

(up to third-order derivatives suffice for our purposes). Using the formulas from

Section A.2 then shows that L, is also smooth for any realization.
Furthermore, define:

M,: (v,a) € N x A ;nfO]Ln (v, ¢,0) + 219 In(n) —In (¢g) — 1,
>

with vy the ground truth introduced in Section 4.1. Its expression is given by
Proposition 2.2 so it is a stochastic process which is smooth on the almost sure
event Z # 0. The proofs mostly consist in studying IM,,.

For a compact interval A C (0, +00), define now U,,: v € N — inf,ea M, (v,
The object U, is a stochastic process since the infima can be replaced by count-
able ones. Its almost sure continuity follows from the almost sure smoothness
of IM,, and the compacity of A.

Also, write g, = In(y (2v +1; -)) for v > 0 and

T v(2u+1; )
Ty (v 4 L)

for v > vy — 1/2. These functions are smooth and integrable and we will write
1 1
H:ve(w-1/2, —|—oo)|—>/ hvwe, G:v e (0, —|—oo)|—>/ 9v,
0 0
and U: v € (yp —1/2, +00) — G(v) + In(H(v)). The smoothness of these

functions is ensured by dominated convergence arguments (three derivatives
suffice for our purposes).

12



A.4 Proofs of Section 2.1

Proof of Proposition 2.1. For x € [0, 1], the kriging equations yield j?n(z) =
k;nglZ, with kg o = (kg (m/n —2))g<,<n_1- The assumptions guarantee
that f equals the limit of its Fourier series everywhere. Then, using the matrix
W defined in Section A.2, it is straightforward to show that

W Z=vn| > o) (19)

jem+nZ 0<m<n—1

and

Wko. » = Vn Z ¢ (0)e=2miwd ,
je€mtnZ 0<m<n—1
where the sums converge absolutely. Then, the uniform absolute-convergence

of (4) follows from elementary manipulations. O

A.5 Proof of Theorem 4.1
A.5.1 Proof of the theorem

Proof of Theorem 4.1. For 0 < € < 1/2, the sequence U,, converges almost
surely uniformly to U on N, by Lemma A.6. Also, the function U is continuous
and strictly minimized by taking v = 1y thanks to Jensen inequality.

The rest of the proof is dedicated to showing that liminf7,, > vy — 1/2 + ¢
for some € > 0. First for v € N and o € A, we have

¢ ZTR,LZ
n1+2(u—1/0)

M, (v,a) = G(v) + O (In(n)/n) + In <

o' ZTR;LZ
= O (1) + In (771/1_"_2(”_”0)

uniformly in v € N and a € A thanks to Lemma A.5 and the continuity of G.
Now, let 0 < e < 1/4,v € N\ Ne = [Vmin, o — 1/2+ €) and a € A. Tt holds
that:

6" Z"R;LZ O, mo . omy20w)
m Z E — Um,n min (—7 - E) (C > 0, by Lemma A.1 and (18))
n—l —1+42¢
29 U%nmm(ﬂ,l—@) (v<wo—1/2+¢)
n =" n n
n-l —1+42¢
= o(1) + ¢ min (E, 1- E) (a.s., using Lemma A.12)
n — n n
C
22¢¢’
Lemma A.6 gives U, (19) — U () almost surely, so we have
inf U, (v)-TU, = inf M, (v,a) — U,
1/611¥/1\NE (V) (VO) UGN\llr\lfg,aeA (V a) (VO)
> O(1) +In(C) —In (2*€) — U (vo) +0(1).

13



Letting € — 0 shows that the expression in display can be made almost surely
ultimately strictly positive. [l
A.5.2 Approximating In(det(R, ))

Lemma A2. Let ve N,a€ A, 1 <m < [n/2], and j € Z. We have:

1+ U m, (v, @)
Cmanj (Vs ) = ljin :_7:112u+1

: (20)
with —1 < vy, < U (v, @) <0 and vy, = O(m™2).
Proof. Using (17), we have

1 I F U, (v, @)
a2+(jn+m)2)v+1/2 - |jn+m|2u+l

)

Cm-l,-n_j(V, CY) = (

with wn (v, a) = (14 (a/(jn +m))2)_'/—1/2 — 1. Elementary operations
show that
2 —Vmax—1/2
amax
OZUn,m,j(l@Oé) > <(T) Jrl) -1,
which gives the desired result thanks to the Taylor inequality. [l

Lemma A.3. Let S C (1, +00) be a compact interval. It holds that
1 1
r)=—+—+4+0(1
Vs = S+ tO0,

uniformly in s € S and x € (0, 1). In particular, we have v (s; ) ~ min (z, 1 —x)"°.
Proof. Let $pmin = minS. Then, 0 < v (s; ) — 2% — (1 —2)7° < 2¢(Smin). O
Lemma A.4. Let S C (1, +00) be a compact interval. It holds that

Oy, . In(x) In(l-x)
%(S,x)*i e 7(1_1_)8 +O(1)7

uniformly in s € S and z € (0, 1).
Proof. Similar to the proof of Lemma A.3. (|
Lemma A.5. Uniformly in v € N and a € A, we have

In(det(R,.o)) = —2vnln(n) + n/o gv + O(In(n)).

Proof. Let v € N and o € A. Using (17) and Lemma A.2, we have

1+ tnpm (v, @)
Amon /T = Zcm+nj(u,a) = Z LG UUNA S Rt

=7 = |jn+m|2u+1

Therefore, using the notation I = |(n — 1)/2], we have

l

> Amn/n) = —(2v+ Dinn) + an (v, a) + > gu(m/n),

m=1 m=1

14



with l

Z In(1 4 vy,)

m=1

= o(1)

|an (v, @)| <

uniformly in v € N and « € A.
The function g, is symmetric with respect to 1/2. Moreover, a direct con-
sequence of Lemma A.3 is that

g(x)=—2v+1)In(z) + O (1), (21)

uniformly in v € N and 0 < z < 1/2. For v € N, the function g, is thus
integrable on (0, 1). Furthermore, verifying that it is non-increasing on (0, 1/2]
is straightforward using the derivative of v (2v 4 1; -), so we have:

(I+1)/n 1l l/n
< — .
[, wsnXetmms [ a

1/n m=1

Use then (21) to get fol/n g, = O(In(n)/n), uniformly in ¥ € N. The remain-
ders fll/{f g, and f(l+ )/m g, are O(n~') uniformly in v € N by a compacity
argument using the continuity of ~.

Therefore, we have

l 1/2
> gulmfm)=n [ g, +On(w).
m=1 0
uniformly in v € Moreover, Lemma A.1 shows that In (A ,/n) = O(1)
and In (X, /2,,/n) = O(In(n)) uniformly for n even. One can then conclude
using (18). O

A.5.3 Approximating ZTRV,QZ

Let us first give some definitions. For ¢ > 0, Lemma A.3 can be used to show
that there exists some C' > 0 such that

By (1) < Fe(z) = Cmin(z,1 —2) 2 forall0<x < 1and v € N.. (22)

The function F. will be called the envelope of the family F. = {h,.,,, v € N¢}
of functions.

Lemma A.6. For 0 < e < 1/2, the sequence M,, converges almost surely uni-
formly to (v, &) — U (v) on N, x A.

Proof. For v € N, and o € A, we have:

¢O_IZTR_1 1
Tplt2w) / hus, (23)
U2, A T NOR
ESETE SV += 2—21 Uy, TR S VO))\ — hyu (m)/n)
1 « n- 1
2 S Bt 0+ (25 b ) - / ,

15



with By, n = Ug, ,, — 1. First, sup,c . ‘n_l S Bunhw, (m/n)‘ converges
almost surely to zero by Lemma A.11, Lemma A.13, and Arzela-Ascoli theo-
rem. Then, for all 3 > 0, a Borel-Cantelli argument shows that U021n < nf
almost surely, so the m = 0-term converges almost surely uniformly to zero
by Lemma A.l1. Finally, Lemma A.8 and Lemma A.10 show that (23) con-
verges almost surely uniformly. Conclude using Proposition 2.2, Lemma A.5,
and the L*-continuity at H: (v, a) € N. x A fol hy.y, of the mapping
used in the proof of Lemma A.16. O

Lemma A.7. The function h,.,,, is non-decreasing (resp. non-increasing) on
(0,1/2] when v > vy (resp. v < vyp).

Proof. Suppose that v > 1. Use (11) along with the fact that the Hurwitz Zeta
function verifies

0
#(s; x)=—-sCu(s+1; ), forxz >0, and s > 1, (24)
r
and has the representation

1 +oo tsfleftx

gH(S, I)w/o 1_7€_tdt, fOI'SC>0, ands>1,

where T' is the classical Gamma function (see, e.g., Postnikov, 1988). So, for
€ (0, 1), we have

1 +oo tQV(e—tz + e—t(l—z))
WA liz)=— dt
72 +1;2) F(2y+1)/ 1— et ’
and +00 42041, —t(1—x) t
oy 1 gt (eT ) — Tt
W+ 1 S dt.
gz v Lia)= F(2y+1)/ 1—et

Now let « € [1/2,1), the derivative of h,.,, at = has the sign of

y(2u+1; x) — Al (2vp +1; ) — (2V0+1;.T)@(21/+1; x)
ox ox
+oo +oo 42v 2v9 . _ .
— 1 / / t S (n(s)tPT) n(t587$))dtd8
I'2v+1)I'(2wp + 1) K(s,t)

with n(s, t;2) = s(e™t* + e t1=2))(e=5(1=2) _ =57 and x(s,t) = (1 —e ) (1 —
e~ *®) = k(t, s) thanks to the Fubini-Lebesgue theorem. Then, one can split the
integral to have:

1 /+°° /+C>o 2rs™ (s, tix) = n(t, s:2)) 4o
S
T2+ i@+ 1\, \ K(s,t)

/+°° /+°° S22 (n(t, s(;;ci)— n(s,t;x))dtds)

+oo +oo (42v 21/0 _ 21/ 2vg . _ .
[ Pl ti) =t sia)) o
I‘(2u + 1)1"(2y0 +1) K(s,t)
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since t?s%0 < s2V¢2%0 when s > t, k(s,t) > 0 and n(s,t;x) > n(t,s;x) when
s>tand x > 1/2.

So we proved that h,., is non-increasing on [1/2,1) and the first claim is
due to the symmetry with respect to 1/2. Observe that h,.,, = 1/h,,,, for the
second claim. O

Lemma A.8. Let ¢ > 0, we have

1 n—1 1 1
ﬁ Z_lhlu;l/o (m/n) = /0 hV?’/U + O <m) ’

uniformly in v € N..

Proof. The proof is similar to the treatment of n~? Z:;_:ll gv(m/n) in the proof

of Lemma A.5 using Lemma A.7 and (22) to get:

1/n 1/n
/ Ry < F. = 0O(n"?), uniformly in v € N,. (25)
0 0

O
Lemma A.9. Let 1 <m < [n/2], we have

A )
n2(u—l/07))\m n = (1 + O(m7 )) hV?’/U (m/n)
uniformly in » € N and « € A.
Proof. A direct consequence from Lemma A.2. O

Lemma A.10. Let 0 < e < 1/2 and 0 < § < 2e. There exists a constant C' such
that

-1 0
limsupn?~°  sup 1 "z: Uz . % = hy, (T) <C,
(r,a)ENex A n me1 ’ n (V_VO))‘m,n n

almost surely.

Proof. Letv € N, € A, and p = 1/(1—2¢+6). It holds that n~! 221;11 FP(m/n) =
O(1). Then, Lemma A.9, the usual symmetry arguments, and Holder inequality
yield:

ln% U? %,h (T)
n ~ m,n n2(V7UO)>\m,n vivo n
1= m
= =S U2 0 (m 2V (n—m)"2) hy, (—)
7 2 U (™ (1= m) ) e (3

1/q

n—1 1/p n—1
nll/q ' (% Z |Uma"|2p Fep(m/n)> : <Z O (m_2‘1 V; (n _ m)—2q)>

=1

O(1) uniformly

wi(th) 1/q = 2¢ — 6. Conclude using Lemma A.12 and n~! ZZL_:II FP(m/n) =
o). O
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Forn > 2 and 1 <m <n —1, define By, , = U2, ,, —

Lemma A11. Let v > vy — 1/2. Then, n=" 32" By nhu., (m/n) converges
almost surely to zero.

Proof. A direct consequence of Lemma A.12, since 0 < Ay, () < min (z, 1 — o

O

Lemma A.12. Let « > —1and g: (0, 1) — Rsuch that 0 < g(z) < min (x, 1 — ).
For each n, let Dy, ..., Dy—1,, be i.i.d. centered variables such that E(|D; 2|?)

is finite for all ¢ > 0. Then, n~! ZZL_:II Dyy.ng (m/n) converges almost surely to
Zero.

Proof. If a > 0, then g (m/n) = O(1), so the result is given by (Taylor and Hu,
1987, Corollary 5). Otherwise if o < 0, then let 0 < § < 1/2. Tt holds that:

< %2 ( )1L5nJ+1<m<n 6n]—1 Dm.n

<be

1 D m
72 D (3] <

1 « m
ﬁ Z m<|[dn] + ﬂmZn—LénJ) Dm,ng (E) | .

m=1

The first term converges almost surely to zero by (Taylor and Hu, 1987, Corol-
lary 5). For the second term, Holder inequality gives (a multiple of) the bound:

| oo 1/q o 10 p
(;;'Dma"'q> 1ax )]

The first term converges almost surely to the g-norm of the D,, ,, by the previous
reference and, for p close enough to one, the second is (’)(5”‘““’) with a +
1/p > 0. Take § = 1/j and a countable intersection of almost sure events to
conclude. (|

Lemma A.13. Let 0 < € < 1/2 and define

1 m
gn:V € N — - Zle,nhu;uo (g) .
m=

The sequence (gn)n>2 is almost surely uniformly equicontinuous.
Proof. Lemma A.4 shows that

%]

s —z~ 2 Un(z) < 272971 (with the notation v (s; z)),
s

2u+1;2)| <

holds uniformly in z € (0, 1/2] and v € N, for any § > 0. With a slight abuse
of notation, the latter fact and Lemma A.3 yield:

1—2€e+26
$(2) : (26)
m

Ohyy
% i)
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uniformly in n, 1 <m < |n/2], and v € N.
Now let 11, vo € N.. If one chooses p > 1 and § > 0 such that p(1—2e+26) <
1, then we have by Holder’s inequality with 1/¢+1/p =1

|gn(V1) - gn(y2)|

= , 1/q | 1 N P\ /P
<z Zmer) - (FZ [T emm])
O(1) by (26)
Use (Taylor and Hu, 1987, Corollary 5) to conclude. O

A.6 Proof of Theorem 4.2

A.6.1 An upper bound of the rate

Lemma A.14. Let 0 < 8 < 1/4. It holds that 7, — vy = op (n~7) and ¢, — ¢o =
op (niﬁ).

Proof. Let 0 < 8 < 1/4, Proposition 2.2 gives almost surely

> ¢ ZTR; 5.7 ~
In (%) = In(g0) + In | =il ) 4 2(7, — vo) In(n).

So
i ~
() (ln (%) —In (¢0))

n’ _ n? ¢y ' ZTRS L Z ~ ~
=g O (1“ (ﬁ) ~ln <H<vﬂ>>)+znﬁ<unuo>.

The latter converges to zero in probability thanks to the coordination of (28)
with Slutsky’s lemma in L (N, x A) (van Der Vaart and Wellner, 1996, p.
32), Lemma A.15, and the univariate delta method since the mapping lnoH
is smooth. This implies that In(¢,) — In (¢9) = op (n™7) for all 0 < 8 < 1/4.
Conclude using again the delta method. [l

Lemma A.15. Let 0 < 8 < 1/4. The bound 7, — vy = op (n*ﬁ) holds in
probability.

Proof. Let 1/4 < € < 1/2 and 0 < < 1/2 and use the notations from Sec-
tion A.3. Lemma A.16 implies sup,c . |Uy, (v) — U (v)| = op (n~"). Moreover,
the function U is C3-smooth and we have U’(vy) = 0 and, with the notation

given by (14):
U () = 4 (/O (o) — (/0 ¢)> >0,

thanks to Jensen inequality. Finally, Theorem 4.1 and a second-order Taylor
expansion around v give the rate n=?/2. [l
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Lemma A.16. Let 1/4 < e < 1/2. Then, the sequence

0 a)ENexAH\/ﬁOMn(y,a)/Olgl,1n</01hl,;l,o>)

of processes converges weakly in L>°(N, x A) to

2 fol hl/l;'/o hl/z;'/o )
fol th;Vo fol huz;l/o

which can be seen as a tight Borel probability measure. In particular, for all

B < 1/2, we have
1 1
IMn(u,a)—/ gl,—ln(/ hu;uo)‘ZOP(n_B).
0 0

Proof. Use the notation H: (v, a) € N, X A+ fol hy.y, for this proof.

Let Dy C L°°(N. x A) be the subset of positive functions bounded away
from zero. One has H € Dy, and (v, ) € Ne x A n= 17200 gt ZTRIL 7
lying also in D, almost surely by continuity on the compact N, x A.

Furthermore, the mapping ¢ : g € Dy, C L®(N x A) — Inog € L*°(N, x A)
is Fréchet-differentiable at H with ¢'(H) : g € L>®(Ne x A) — g/H € L>®(N, x
A). The weak limit given by Lemma A.17 is tight and hence separable, so we
can use Theorem 3.9.4 from van Der Vaart and Wellner (1996) to show that

0o ZTR; L Z !
\/ﬁ (hl (W —In /0 hl/;l/o (28)
converges weakly to (27) in L>°(N. x A). The tightness of the limit follows

from the continuity of ¥'(H). Conclude with Proposition 2.2, Lemma A.5, and
Slutsky’s lemma. O

GP (0, (1/1, aq; Vg, 042) — (27)

sup
vENe,a€A

Lemma A.17. Let 1/4 < e < 1/2. The sequence
¢0712TR;7(11Z 1
(V,O[)ENEXAH\/E<W/O h,l,;l,o
of processes converges weakly in L>°(N, x A) to

1
GP (Oa (1/1, ay; Vo, a2) = 2/ hl/1;1/0h1/2;1/0) )
0

which can be seen as a tight Borel probability measure.

Proof. Using the continuous mapping theorem for the linear isometry p: L>°(N,) —
L>°(N.x A) mapping g € L°°(N,) to the function (v, &) € N x A — g(v) makes
it possible to rephrase the convergence given by Lemma A.20 in L (N, x A).
(The limit (29) is a tight and hence separable measure.) The rest of the proof is
similar to the analysis of (23) in the proof of Lemma A.6, but using e > 1/4. O

Lemma A.18. Let 1/4 < € < 1/2. The family F. of functions equiped with the
envelope F, defined by (22) verifies the uniform entropy condition (van Der Vaart and Wellner,
1996, Section 2.5.1).
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Proof. Forxz € (0, 1)andv € N, writey (2v +1; 2) = v 2v + 1; 2)+v, 2v + 1; z),
with

+oo —+oo
WALz =Y (G+a) T Y (1)
j=1 j=1

and vy (2v + 1; ) = 27214 (1—2) "2~ Let hy(v; @) = v 2o+ 1, x) /v, v + 1, z)
and hy(v; ©) = v (2o + 1, @) /71 (2v + 1, 2).* The families F* = {h(v; ), v € N}
and F] = {1/h4(v; ), v € N} of functions are non-increasing with respect to
the parameter v so they are VC-subgraph classes. Indeed, let (z1,y1), (z2,y2) €
(0,1) x R, there cannot be two functions f and ¢ in one of these families such
that f(x1) < w1, f(x2) > y2, g(x1) > y1, and g(x2) < y2, since we have either
g<forf<y.

Equip F* and F, respectively with the envelopes F, (by increasing eventu-
ally the constant C' in (22)) and F: z € (0, 1) = Cymin(z, 1 — z)'*2»0_ for
some constant Cy > 0. Theorem 2.6.7 from (van Der Vaart and Wellner, 1996)
shows that these families satisfy the uniform entropy condition.

Consider ¢: z,y € (0,400) — (z7! + y)_l. It holds that ’%(m, y)| <1and
g—;(x, y)‘ = ¢%(z, y). Observe that ¢ (hy(11; -), 1/hs(v2; -)) S Fe, for 11, va €

N.. Consequently, for v1,vs,v3,v4 € Ne and x € (0, 1), we have:

(s (hy(vi; @), 1/hy(vs; @) = < (hy (25 @), 1/hy(va; )

< (s ) =y (v )" + (@) (h’r(l/ls; x) h¢(l/14; x)) '

Observe that < (hy(v; ), 1/ht(v; -)) = hyyw, and use Theorem 2.10.20 from
(van Der Vaart and Wellner, 1996) to conclude that the family

F = ¢ (hy(vi; ), 1/hy(va; -)) — 1, vi,vp € N} (note that Ry, = 1)

with envelope F\™) = 2/ F2 + FA(F1)? satisfy the uniform entropy condition.
Concluding the proof is straightforward since F, C .7:6(”) +1 and Fe(ﬂ) <F. O

Lemma A.19. For all € > 1/4, we have

n—1

Z (hwrivo (/1) = Moy (m/n))2 - /0 (hwrivo — huQ;Vo)2 )

1
n
m=1

uniformly in vy, 5 € Ne.

Proof. Let 6 > 0, there exists « > 0 such that:

/ (hV1§V0 - hl/2;V0)2 < 4/ F52 < 6/5
0 0

and
1 Lan] , 4 Lan] ,
- 12 - Moy S - F S 9
2 2 (s (/1) = Buny (mfm))” < 2 57 F2 (/) < /5

4The symbols | and 1 account for the monotonicity with respect to v for fixed z.
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uniformly in vy, € N.. The same bounds also hold by symmetry for similar
quantities related to [1 — «, 1]. Furthermore, a compacity argument using the
smoothness of v shows that the mapping z € (0, 1) = (hu, . (2) — huyuy (2))°
and its derivative are bounded on [, 1 — o] uniformly in v1,v5 € N.. Conse-
quently, the standard technique for bounding approximation errors of Riemann
sums gives

1 [(1—a)n]-1 ) 1-a )
E Z (hlfl;l/o (m/n) - hl’2;l’0 (m/n)) - / (hul;l/o - th;”o) < 6/5’
m=|an]|+1 e}
uniformly in vy, ve € N, for sufficiently large n. O

Forn >2and 1 <m <n — 1, define B, , =U? , —1
Lemma A.20. Let 1/4 < e < 1/2. Then, the sequence

n—1
1 m
€N ==Y Bl (—)
v \/ﬁ — B Yo n

of processes converges weakly in L>°(N,) to

1
GP (0, (VlaVQ) = 2/ hl’l;l/ohl/2§l’0) ) (29)
0
which can be seen as a tight Borel probability measure.

Proof. Let 2 < a < 1/(1 — 2¢). It holds that F. € L*(0,1) C L?(0, 1).
Moreover, Lemma A.18 shows that F, satisfies the uniform entropy condition
(van Der Vaart and Wellner, 1996, Section 2.5.1).

Let us show that (Fe, ||-[|z2(0, 1)) is totally bounded. Use the shortcut @,, =

n~ 1oy +nt ZZ;ll Om/n- Since € > 1/4, then [ F2dQ,, is bounded uniformly
in n by, say, M2. The uniform entropy condition implies that F. is totally
bounded for the L? (Q,,)-norm for any n. Let G, be an (MJ)-internal covering,

for § > 0. Lemma A.19 makes it possible to choose n such that

sup
gl,92€Fe

Therefore, G, is a (0v/ M? 4 1)-covering of (F¢, |||[z2(0,1))-

With Y0t g € (Fe, ||l22(0, 1)) = 772 By ng(m/n), the usual measura-
bility conditions (see van Der Vaart and Wellner, 1996, p. 205) are met since
the suprema can be replaced by ones on countable sets. Indeed, using the sur-
jection p: v € N¢ — hy,,, € Fe, the suprema on subsets of F. x F, are suprema
on subsets of (Ne x N, ||-|[2), with ||-]|2 standing for the euclidean norm. A
subset of a separable metric space is separable. The sample path continuity of
v € N, — Yy, (0(v)) is inherited from the continuity of v € Ne — hy.p,(2),
for0 <z < 1.

Since 2 < a < 1/(1 — 2¢), we have n= 'S "" F(m/n) = O(1) so the
Lyapunov condition on suprema holds:

n—1

a 312 oz
Z E(sup Yo n(9)] ) < |na/2| ZF (m/n) = o(1).
m=1

gEFe

1
(91— 92)* dQn —/ (g1 — 92)2‘ < 2.
0
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Furthermore, for §,, — 0, we have

n—1
sup Z E ((Ym,n(gl) _ ymm(gQ))Q) (with g1, 92 € Fe)
[lg1 _QZHLZ(O, 1) <on m=1
=
e s LS - mtny?

H.‘71_92HL2(0, 1)<5n n m=1

= o(1)+ O(62) = 0

thanks to Lemma A.19.
Now, let us show the pointwise convergence of the sequence of covariance

functions. For a fixed v € N,, the convergence n~' S """ h2 2 (M/n) —

fo 7. 18 ensured using Lemma A.7 and the same reasoning as in the proof of
Lemma A.8. This fact and Lemma A.19 shows that

n—1 n—1 1
v (Z Ym,n(gl); Z Ym,n(g2)> — 2/0 9192,
m=1 m=1

for fixed g1, g2 € Fe.
Finally, With fnm = n 1B2 n09m/n, one has 0 < pn.mF? < 400 almost

surely and )~ 1 pn.mF2 = Op(1 ) using Markov’s inequality.
We can then conclude using Lemma 2.11.6 and Theorem 2.11.1 from van Der Vaart and Wellner
(1996), which also imply the tightness of the limit (see van Der Vaart and Wellner,
1996, Lemma 1.3.8 and Theorem 1.5.7). The reformulation from L (F.) to
L (N,) is an application of the continuous mapping theorem. (I

A.6.2 A Taylor expansion

The proof of Theorem 4.2 is finished using a standard third-order Taylor expan-
sion around (vp, ¢, @n). The following technical lemmata are required. Their
proofs mostly consist in reproducing the technique used by Stein (1999, Section
6.7) to derive the asymptotics of the Fisher information matrix. Some details
are provided in Section B.

Lemma A.21. We have

AT 0, 60 ) = N0, 1),

with VI, the gradient with respect to (v, ¢) only and

7 260 2 1pot 0
A= R ) <1n<n>+E<fpyo<v>> Varwuo(v»)’ (30)

where V' is a random variable distributed uniformly on (0, 1).
Lemma A.22. It holds in probability that:

AVPLy, (v, ¢o, Qn) Ay — 4D,

with A, given by (30) and V operating only on (v, ¢).
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Proof of Theorem 4.2. Lemmata A.21 and A.22 give the asymptotics of the
score and the Hessian matrix, respectively. We are now left to bound the third
derivatives uniformly locally around (v, ¢¢). Cumbersome expressions are pro-
vided in Section B. For € > 0 small enough, bounding the terms individually
with Lemma A.1 and Lemma B.1 makes it straightforward to show that

) -0

(31)
Lemma A.14 shows that (U, ¢n) € [vo — €, vo + €] X [do — €, ¢o + €] with high
probability. Write V for taking derivatives with respect to (v, ¢) only. On this

event, we have:
~ 2
Vn — 1o
<¢n - ¢O) ) ,

thanks to (31). Multiplying by A} (see (30)) and using Lemma A.14 again leads
to

oL,

@ oo

E sup
p€{0,1,2,3}, [v—ro|<e, [p—o|<e,a€A

0 = VI, (vo, ¢, Gn)+V Ly (v0, b0, An) <¢ ¢0>+OP (

0 = ATV, (v, ¢o, Gn) + (ALV?ILn (0, G0, Gn) An +0p(1)) A7 <<%n _ ;O) ’
n — 0

where the preceding Op-term has been reformulated using a few algebraic ma-
nipulations. (Use the fact that ||A,] < In(n).) Multiply by v2n and use
Slutsky’s lemma to conclude. [l

B Proofs of technical lemmas for Theorem 4.2

Remember (see Section A.2 and Section A.3) that the A, s depend smoothly
on v and «. Thus, the function IL,, is smooth for any realization and can be
written as:

n—1 )\gg)n U2

n—1
Lo (v, 6,0) = In(0) + = 3 In (A Z
m=0

Expressions for some derivatives are given in the following. These expressions
are cumbersome, but rough approximations will suffice: we only need to en-
sure the 9P\, ,/0vPs do not grow too fast compared to A, . The first-order
derivative with respect to v writes:

oL, 1= axmn ov nol U%nAQ)nakm n/Ov
o n =] Z Dn v _ 20 Z

Then, the second-order derivative with respect to v writes:

2 n—1 2 2 2
0°L, 6,0) = l Z Amn 0% Amn OV (OAmn/OV)
n m=0

EZ o

b0 22 U2 M0 (0P A/ 0V A = 2 (0D /00))
ne JEA '
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Finally, the third-order derivative with respect to v writes:

3E 1 n— 3 9 5
5 n (l/, ¢’ a) = — Z )\T—n3n <a )\m7n )\72% - 36 )‘m,n a)\m,n )\m7n n 9 (a)‘m,n) )
n ’ s

ov3 = ov3 ov?  Ov ov
n—1 3
¢0 —4 (0) a3)\7n n o2 a2)\7n n a)\m n a)\7n n 2
- A0 A —A —4 : —Apn +6 | —— Uus .
neo = Mo ovs ov? ov ’ ov m,T

Bounding all terms independently will suffice for our purposes. The neces-
sary approximations are given by Lemma A.1 and the following. Exceptionally,
the arguments of the A, ,,s are not dropped.

Lemma B.1. Let 0 < § < 2upmin, 0 <m < |n/2],v € N,a € Aand p € {1,2,3}.
We have:

1|0PAmm 1 .
ol w2 Oé)‘ S iy flsm<|(n/2)
and 1]19PA
- 0,n <
| | 1.
uniformly in m, v, and a.
Proof. We have
1 0P A ? (0% + (m +jn)?)| _ 1
n| ovr (V’ )| < Z 2 . \2\vF1/2 2 . \o\v+1/2-8/27
jez (@2 4 (m + jn)?) jez (@2 + (m+ jn)?)

which equals n=!\,, ,, (v — §/2, «), so Lemma A.1 gives the result. (Adjust the
lower bound of N if needed.) O

Lemma B.2. Let A C (0, +00) be a compact interval and vy > 0. It holds that
OAm.n/OV (1o, @)

)\m,n (VOa a)

= —2In(n) — 2¢y,(m/n) + O (m™*In(n)),

uniformly in & € A and 1 < m < [n/2], with v, given by (14).
Proof. We have:

nt ayﬁ (vo, @)

B Z In (a? 4 (m + jn)?)

= (a2 + (m+ jn)2)t/?

2
2In|m 4+ jn| +In ((mign) + 1)
vo+1/2

jez (@® + (m +jn)?)

- Z 2In|m + jn| + O (m~2)
= (@2 + (m+ jn)2)ott/?

= — (1 +O (m*Q)) Z 2In(n) +2In|m/n ;‘VOJ_L"‘ o (m_Q)
JEZ

= —(1+0(m™?))n "y (2 + 1; m/n) (2In(n) + 2¢y, (m/n) + O (m™?)) .

(uniformly, since m < n/2 = m < |m + nj|)

- (Lemma A.2)
Im + jn
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Thus, using Lemma A.2 again yields

6/\6";’" (vo, @) _ - (1 + O (m_2)) (2 In(n) 4+ 24, (m/n) + O (m_Q))
Am.n (Y0, @) 1+0(m™2)
= — (1+0(m™?)) (2In(n) + 24, (m/n)) + O (m™?).
Lemmata A.3 and A.4 show that |¢,, (m/n)| < In(n). O

Proof of Lemma A.21 . Note that the A, ,s are random since they depend
on (vp, Q). First, we have:

oL, ~ 1= A2
9l ) = — 1 - Zmntmn
5 (o000 ) = 5T 1=
n—1 0) 772
1 1 AmnU
- ) — R Al
Op <n> + o mZ:l o (Lemma A.1)

n—1
1
= Op (—) + — Z 1-U, (for some 8> 1/2 by Lemma A.10).

n—1 2 (0)
GILn e 1 6)\m n/@z/ Um n)\m,n
_n n) = — E rmenlmE o o e
(VOa ¢Oaa ) n 7 ( )

ov
imn/Ov (1 - S ) (Lemmata A1 and B.1)

1 n—1 a)\ /81/
- Zomny T 2 -2 o -2 .
Ty Z Ao Uyn©O (m V(n—m) ) (essentially, by Lemma A.9)

n—1
= Op (%) 113 Lo/ (2

n P ——
m=1 ’

since O\ n/OV (19, An) S mC A (n — m)6 Am.n (Y0, @) holds essentially, thanks

to Lemmata A.1 and B.1. (By “essentially”, we mean that the constant does not
depend on the sample path.) Then, using Lemma B.2 leads to:

oL, 21 - 2 n-l 1
T (o, 0.8) = — 22 Z (1= Un) =5 2 (/) (1—U51,n)+<9p(n(n)),

n

and subsequent calculations show that ATV, (v, ¢o,@,) equals:

(E o (V) = (m/n)) |

( 1 ) nW Z Var (6, (V)

Conclude using a standard Lindeberg-Feller argument. (Lemmata A.3 and A.4
give (a multiple of) the envelope x — — In(x) near zero for 1,,. Proceed as for

Lemma A.19 to show that n= ' S w8 (m/n) — [ 4D ) O
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Proof of Lemma A.22 . Observe that ATC, A, = 2I5, with:

o <2ln2<n>+41n<n>E<wm<V>>+2E( 2(V))  —In(n)éy " —E (%, (V) ¢

—In(n)gy " — E (¥, (V) b5 " 2712

The proof is left to the reader. It consists in showing that V21, (vo, ¢o, @,)/2 =
Cn+Op (n™°) for some € > 0 by proceeding as for the proof of Lemma A.21. O

C Proofs of Theorem 4.3 and Theorem 4.4

The posterior mean does not depend on ¢, so all derivations will be written
with ¢ = 1. Furthermore, we will use the notation ¢;(v, «) defined in Sec-
tion A.1. Also, we assume that ¢y = 1 without loss of generality.

We avoid dealing with conditionally convergent series since we assume that v
1/2. In this case, the coefficients of the expansion (12) are almost surely ab-
solutely summable and so the hypotheses of Proposition 2.1 are fulfilled. The
proofs will rely on using Parseval’s identity.

Let (v, a) € (0, +00)” and j € Z, we have

2 Cj(§ - En)

2 (¢i(v,0) 35 ezngoy V G+ (10, @0)UL jjtjin|
> ez Ci+ng (Vs @)
2
Ve (o, 20U 225, ez g0y G (V@)
2 jrez Citni (V, @)

N (Cj(l/a @) X5 ez joy V Citnis (10, 20) Uz [ njy sign(j + nji)

> ivez Citnj (V, @)

. . 2
Vv cj(vo, a0)Us, | sign(j) ZjleZ\{O} Cjtnjs (V, 04)) (32)

> ez Citni (V, @)

after a few algebraic manipulations. The expression (32) is a sum of two inde-
pendent terms. Let m € [0, n —1]. If j € m + nZ with m ¢ {0, n/2}, then the
two terms are identically distributed and involve independent Gaussian vari-
ables. Thus, there exists x3 distributed variables A, ;. such that

2

Cm+jn (5 - gn) = Qm,j,n (V7 O‘) Am,j,n/2 (33)

with
> ez Cmnji (Yo, 20) — e jn (10, o)

(ZjleZ Cmnjs (Vs Oé))2

g (V; @) = €y (v, @)

+Cm+jn(l/0, QO) (1 _ Z Cm-l—jn(V, a) )) ) (34)

J1EZ Cm+njy (V7 «

Lemma A.1 and Lemma C.2 make it straightforward to prove the following
Lemma.
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Lemma C.1. Let A, N C (0, +00) be compact intervals. It holds that

g (v) S (1310) 72 m B0 (|fn) 0T for i # 0,

and

—2up—1 Av—2wp+1, —4v—2
Am,o0n(V) Sn”707 0 +m™ votly—dv=2

uniformly inv € Nya€ A, je€Z,and 1 <m < [(n—1)/2].
Lemma C.2. Let v,a > 0,0 < m < [n/2], and j # 0. We have:

Cmang (v a) < 22F (n|j)) 7271

Proof. Using the fact that m < n/2 leads to:
Cmtn(v,@) < (n (|| = 1/2)7 7 <22 (i)~
O

For m € {0,n/2} and j € Z, the two terms in (32) are not identically
distributed. Moreover, for ¢ € {1, 2} and m € {0, n/2}, there are duplicates
among the variables {Uq7|m+n]—|, j € Z}. Nevertheless, the two terms are sums
of independent Gaussian variables, so expressions like (33) hold. However, the
presence of duplicates makes the expressions more complex than (34). The
upper bounds given by assuming full redundancy among the variables appearing
in the two terms of (32) suffice for our purposes. The following lemmata are
adaptations of Lemma C.1. The statements are made uniform with respect to
regularity ranges to be used in the proof of Theorem 4.4.

Lemma C.3. Let N, A C (0, +00) be compact intervals, and write vpin =
min N. Then:

E sup Z

UGN,QEAjez

2
—2rp9—1 —4Vmin—2
5 ' :

Cin (5 - gn)

Lemma C.4. Let n > 2 be even and N, A C (0, +00) be compact intervals.
Then:

2 200—1
oy
Sn .

Cn/2+jn (€ - é\n)

E sup Z

veEN,acA jez

Proof of Theorem 4.3 . We prove the (more general) result with a,, € A, for a
compact interval A. This will be useful for proving Theorem 4.4.

Let m € [0, n — 1] such that m ¢ {0, n/2} and consider indexes m + nj,
with j € Z. Lemma C.1 and (33) yields:

el

JEZ

Cm4jn (5 - gn)

2
) < n—2u0—1 +n—4l/—2m41/—21/0+1. (35)

The first two statements then follow from Lemmata C.3 and C.4, the identity
2

Z ‘Cm-i-jn(g - é\n) = Z

JEZ jeZ

Cn—m+jn(€ - gn) ’ ) (36)
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for every 0 < m < n — 1, the Fubini-Tonelli thereom, and Parseval’s identity.
For the last statement, let v > (1p—1)/2and 1 < m <l withl=|(n —1)/2].
Lemma A.2 gives

. —2v9—1
w2 2ajiezngy Im

2
(ZleZ m + jin| ™ 1)

Am,jn (V, Qn) = (1 +O (me)) |m 4+ jn|™

. —2u—1 2
iez\gy Im+ il )

+|m +jn|_2yo_1 ( T —2o—1
ZjleZ Cm+njy |m +Jln|

for every j € Z, essentially. Consequently, it holds that:

ZE< 2) _ (1 +(’)(m_2))19

n2”0+1 Vivo (m/n)
JEZ

o~

Cm4jn (5 - fn)

after a few algebraic manipulations. Using the definition of ~, it is straightfor-

ward to show that
191,;1,0 (a:) ~ Cl.%'4u_2uo+1 + Cy (37)

for some nonzero constants C,Cs, when © — 0. Therefore, the function 9,.,,

is integrable if v > (19 — 1)/2 and®

1/2

!
1
- Z Dy (Mm/0) — D - (38)

m=1 0

Then, Lemma C.4, Lemma C.3, the identity (36), the Fubini-Tonelli thereom,
and Parseval’s identity gives

! 1
2
WOE (ISE, (v, G ) = 0(1) + 2 3 (14 Om ™)) dysug (m/n) / Iuves
m=1 0
killing the O(m~?2)-term using Holder inequality and (37) as in the proof of

Lemma A.10. O

The following lemma bounds the rate at which v falls within the range [y — 1/2, Viax]
of values giving reproducing kernel Hilbert spaces almost surely not containing €.
It will be useful for proving Theorem 4.4.

Lemma C.5. Let € > 0. With the notations of Theorem 4.4, we have:
P(n <wp—1/2—¢) Se OV,
for some C' > 0.

Proof. Let a1 be any element of A. We proceed by bounding

Umin<v<vg—1/2—e,a€A

P < inf M, (v,a) — M, (v, a1) < O) .

5Proceed as for Lemma A.19, using (37), if (vo — 1)/2 <v < (vo — 1/2)/2.

29



Then, let @ € A and vpin < v < vy — 1/2 — €, we have:

Z'R,LZ
nl+2(r—ro)

M, (v,a) = O(1)+1In ( ) (Lemma A.5)

Vil e \(0)
Z7|;1:1 Umm)\m,n/)\m,n
=0 (1) +1n nlt2(v—ro)

£ U i

nl+2(r—ro)

=01)+1In (Lemma A.1)

.
= O +In |~ ;Umyn(z)

1 L\/HJ 9 m —1—2¢
> - _
> O@1)+In| > Umyn(n)
Lve)
= O01)+2ln(n)+1n Z U,QnJlm_F26
m=1
Lve) -
> O(1)+2¢eln(n) +In Z ng,n lVn] ™' e
m=1
L
> O0O)+eln(n)+In | —— Uz .
et | T 2 e
LAl
2 . .
> O(1)+eln(n) + T/l Z In (U7, ,) (Jensen inequality)
n :
m=1
with a uniform big-O. Let 6 > 0 and ¢ > 0, we have
Lv7] L]
Plo— S m@2,) 26| = P (e Zm Mmoo
Wl =T N

e LVal/AE (|U111|71/2) Lvn)

IN

3

witht =1/4 and E (|U1,1|_1/2) < +o00. This gives the desired convergence rate

if 0 is high enough.
Furthermore, we have

n—1
M, (v, 1) = O (1) +1n <n—1 > UEW> :
m=0
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and

n—1
P (111 (nl Z Ufmn) > 5) <e O
m=0

for some Cy > 0 if § > 0 is high enough, using also a Chernoff bound argument.
Now, putting all the pieces together yields:

inf M, (v, @) — M, (vo, 1)

Vmin <v<rg—1/2—€,a€ A

1 N 2 L e
> O(1) +eln(n) + vl mZ:1 In (U7,,) —1In (n mzzo Umm)

giving the result thanks to the pigeonhole principle. (I

Proof of Theorem 4.4 . The proof of Theorem 4.3 already deals with estimated @, €
A. Tt is extended to estimated 7, € N by bounding derivatives and using
Lemma C.5.

Let € >0and 1 <m <[ = [(n—1)/2] and use the notation (34). The
functions @, j,» are smooth. For any (fixed) 0 < § < Vmin, it holds that

%4, )

ov

Sei(v =90, a),

~

uniformly in v € [y — 1/2 — €, Vmax|, @ € A, and j € Z. Coordination with
Lemmata A.1 and C.2 makes it possible to show that

] e B 2
< pmo—lp2e m;j_”;;rl (%)4'/0*2*46
20p—1—4
= 7" Im® ZL:O—%—;
< n72u071m25+n;7:;712;1
and, for j # 0, that
i (1, )| 5 () b8 )01
=l () e
e O R R
_ |j|*2+25n—4l/0+25—7216m2u0—1+46+26+(|j|n)*21’0*1+25

uniformly in 1 <m <1, j#0,a € A, and v € [vg — 1/2 — €, Vmax). Then,

l
DY E(Amjnlamin Pa, @) = @ jin (10, @n)| 15, 50-1/2-)

m=1j€EZ
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l
~ Oa,,
< Z Z E(AnjnlVn— 1o sup Lam,gin (v, @)
m=1je7 vo—1/2—e<v<vmax,a€A ov
! O,
= ,/E(A%Ol)q/E((ﬁn—yo)Q) Z Z sup ()
7 m=1,eZ vo—1/2—e<v<vpmax,a€A ov

for 0 and e small enough and using the above inequalities and Theorem 4.2.
Therefore, Lemmata C.3 and C.4, the identity (36), and the Fubini-Tonelli
theorem shows that

E (ISEn (Dn, @n; €) —ISE, (vo, Gn; €)| 15, 50,-1/2-c) = 0 (n7>"°) .

Furthermore, using again the Fubini-Tonelli theorem yields

Sy

—~ |2
Cerjn(g *gn) ]l/u\nguo—l/Q—e

E
m=1jeZ
l
= > > E(tmjn Pns @) Am jinlo, <vo-1/2-c)
m=1jeZ
l
< Z Z sup m,j,n (v, ) E (Am,j,n]lﬁngugfl/zfe)

m=1;eZ Vimin <v<vg—1/2—e€,a€A

!
\/E (A%,O,l)\/E (15, <vo-1/2-c) Z Z sup A, jn (V, @)

m=1j€eZ Umin<v<vp—1/2—e,a€A

\/E (A30.) \/E (15, <yo—1/2—¢) n° for some B given by Lemma C.1
721/0)

IN

IN

)

zo(n

using Lemma C.5. Then, the sum for j =0 (mod n) can be bounded similarly
using Lemma C.3 and the sum for j = n/2 (mod n) is controlled by Lemma C.4
for n even.

Finally, the previous reasoning is easily applied to bound

E (ISEn (VOa an; €) ]lﬁn§u071/276)

and the desired result follows. O

D Proofs of Section 5

Note that the finiteness of vo(f) is assumed so that f is necessarily nonzero.
Consequently, the data Z is ultimately nonzero under the observation model (3)
since f is continuous. Furthermore, we assume that vo(f) > 1, so f € H? [0, 1]
for some 8 > 1. Consequently, the Sobolev embedding theorem implies that f
has Holder regularity strictly greater than 1/2. Hence, f has absolutely summable
Fourier coefficients.

The proofs are based on the observation that

2
nol ’ZjEm-i-nZ Cj(f)

ZjeernZ Cj (V’ Oé) ,

Z'R, 7 =

m=0
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using (19) and elements from Section A.2.

Proof of Proposition 5.2 . We give a full proof only for the third assumption.
The proof for the second assumption is similar and the first is a particular case
of the second.

Let € > 0, vmin < v < 1o(f)—1/2—¢,a € A, and p € Z such that ¢,(f) # 0.
Then, Proposition 2.2 and Lemma A.5 gives

2
n-l ‘ZjEernZ Cj (f)

(v a) = % — v — n(n n
() = 2060(f) = = 1/2)In(n) + O1) +1n | 37 I,

m=0

2
S jepinz ()|

2 jeptnz G (1)

Y

2¢In(n) + O (1) +1 (consider m =p mod n)

= 2eln(n) + O (1)

uniformly since » ..., ¢;(f) = ¢p(f) and by Lemma A.1. (If p <0, then use
the symmetry of the ¢;(v, a)s.)
Moreover, for v = vy(f) — 1/2 — €/2 and any fixed o € A, we have:
M/, (vo(f) = 1/2—€/2,a) = eln(n)+O(1)+In(Z"R, . Z)
In(n) + O (1),

since f € HP[0, 1] for 8 = vo(f) — ¢/2. Indeed, this Sobolev space is norm-
equivalent to the reproducing kernel Hilbert space attached to the covariance

function for v = yy(f) — 1/2 — €/2 and the corresponding quadratic term
ZTR;QZ is the squared norm of a projection of f (see, e.g., Wendland, 2004,
Theorem 13.1). This completes the proof. O

Proof of Proposition 5.8 . Without loss of generality, consider a compact sub-
set N X A with A = [@min, max] and N = [vo(f) — 1/2 + €, Vmax|, for some € >
0. Then, Proposition 2.2 and Lemma A.5 yield:

o

cj(v, o)

1
]M{L (V’O‘) = / u+(9< 7(1)>+1 2(l/o(f —v—1/2) Z ’ZJEm—i-nZ
0

j€m+nZ

with a uniform big-O. Focus now on the term inside the logarithm. For 1 < m <
n—1, Lemma A.3 shows that v (vo(f) 4+ 3/2; m/n) = n (m=*V (n —m)~') v (vo(f) + 1/2; m/n).
Thus, using the hypothesis on the ¢;(f) we have:

Y cinem(f) = D lin4+m[7 T2 O3 jn 4 m 7D
JEZ JEZ JEZ

— n—uo(f)—1/2,y(y0(f) +1/2;m/n) (1+ 0O (m_ Vi(n— m)_l)) :
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(It holds that 3. ¢;(f) — co(f), so the term for m = 0 is a uniform big-O
thanks to Lemma A.1.) Then, use Lemma A.2 to get:

2
n2wo(f)—v=1/2) Z ‘ZJEW-HLZ ](f)‘
Z]Em—i—nZ Cj (Va 04)

o) s LS (O (mT Y (= m) ) 9 (wo(f) +1/2m/n)
=o( )+TLZ v (2v 4+ 1;m/n)

B Y 1« f)+1/2;m/n)
=0 () +0(n gz 21/+1m/n)

m=1

using Holder inequality with 1/p = 1 — ¢, similarly to the proof of Lemma A.10.
The uniform convergence of the Riemann sum can be proved similarly to Lemma A.19,
using (a multiple of) the envelope x — x2¢ — 1. O
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